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2

[1, 5]

[2]

0

1

1:

i ∈ Z mi

ak (1 ≤ k ≤ mi) Si = {a1, a2, · · · , ami
}

mi = ♯Si Si Si-

multiset

S = (Si)i∈Z S = (Si)i∈Z p

i ∈ Z Si+p = Si S

S = (Si)0≤i<p = S0S1 · · ·Sp−1 m = max{mi} S

1 2

{a1, · · · , am} m ≥ 2

[a1 · · · am] m = 1 a1 m = 0 0

aa · · · a︸ ︷︷ ︸
k

ak [333]00 [33]02

2.1 S = (Si)0≤i<p p Ti =

{(i + s) mod p | s ∈ Si} T = (Ti)0≤i<p

p−1∑
j=0

µ(i, Tj) = ♯Si (0 ≤ i < p) (1)

µ(i, S) S i

(1) i i

2.2 · · · 515151 · · ·
51, 15, 5151

[32], [32][32]

p S = {Si}0≤i<p k S′ = {Si+k mod p}0≤i<p

2.3 p S = {Si}0≤i<p

b = (
∑

a∈∪p−1
i=0 Si

a)/p

2.4 3

333, 423, 441, 504, 522, 531, 603, 612, 630, 711, 720, 801, 900

13 3 2

3 [21][21][21], [22]2[21], [22]3[11], [31][11][21], [31][21]2, [31]23, [31][31]1, [32]0[31],

[32]1[21], [32]22, [32]31, [33]12, [33]03, [33]30 14

5 2

1,3,3,4 2,5

10210 1

3- 02200

0- 22000
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2

[54]- 20011

10210
3−→ 02200

0−→ 22000
[54]−→ 20011

2: 10210

2.5 b, h,m b h m

Γm(b, h) = (V,E) V E

S S-

1. V = Vm(b, h) = {s = s1s2 · · · sh ∈ {0, 1, · · · ,m}h | s1 + s2 + · · ·+ sh = b}
2. s = s1s2 · · · sh, s′ = s′1s

′
2 · · · s′h ∈ V (s, s′) ∈ E = Em(b, h) ⇔ s1

S s′i = si+1 + µ(i, S) (1 ≤ i < h), s′h = µ(h, S)

(s, s′) S s
S−→ s′

mh < b Γm(b, h) m ≥ b Γm(b, h) = Γb(b, h)

Γm(b, h) 1 ≤ m ≤ b ≤ mh

Γ1(b, h) Γb(b, h)

2.6 3 2 3 Γ2(2, 3)

2

1

3

[31]
3

0

0

[22]

12

[21]

0

[11]

[32]
[33]

101 020

110 200

002

011

3: Γ2(2, 3)

[5]

2.7 (1) m ≤ m′ Γm(b, h) Γm′(b, h)

(2) h′ < h Γm(b, h) V ′ = {s = s1 · · · sh′0 · · · 0 ∈ {0, 1, · · · ,m}h | s1 +
· · ·+ sh′ = b} Γm(b, h

′)

(3) Γm(mh− b, h) Γm(b, h)

(1)(2) (3) ϕ : Vm(b, h) → Vm(mh − b, h), ϕ(s1s2 · · · sh) = (m −
sh) · · · (m − s2)(m − s1) ϕ S =

[1c12c2 · · ·hch ] S ′ = [1ch−12ch−2 · · · (h − 1)c1hm−c1−c2−···−ch ]

b h m

Γm(b, h)

2.8

prime

2.9 3 [53]15121 Γ2(3, 5) [53]1 : 51 : 21

11010 [53]121 51

3

b h m Mm(b, h)

Γm(b, h)

[4, 5] M1(b, h), Mb(b, h) MP (b, h), MM(b, h)

2.7 Mm(b, h) m,h Mm(b, h) = Mm(mh−
b, h) mh ≥ 2b 1 ≤ b ≤ mh−1 [h · · ·h]-

0- h

h ≤ Mm(b, h)

h ≤ Mm(b, h) ≤ ♯Vm(b, h) (2)
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[5]

2.7 (1) m ≤ m′ Γm(b, h) Γm′(b, h)

(2) h′ < h Γm(b, h) V ′ = {s = s1 · · · sh′0 · · · 0 ∈ {0, 1, · · · ,m}h | s1 +
· · ·+ sh′ = b} Γm(b, h

′)

(3) Γm(mh− b, h) Γm(b, h)

(1)(2) (3) ϕ : Vm(b, h) → Vm(mh − b, h), ϕ(s1s2 · · · sh) = (m −
sh) · · · (m − s2)(m − s1) ϕ S =

[1c12c2 · · ·hch ] S ′ = [1ch−12ch−2 · · · (h − 1)c1hm−c1−c2−···−ch ]

b h m

Γm(b, h)

2.8

prime

2.9 3 [53]15121 Γ2(3, 5) [53]1 : 51 : 21

11010 [53]121 51

3

b h m Mm(b, h)

Γm(b, h)

[4, 5] M1(b, h), Mb(b, h) MP (b, h), MM(b, h)

2.7 Mm(b, h) m,h Mm(b, h) = Mm(mh−
b, h) mh ≥ 2b 1 ≤ b ≤ mh−1 [h · · ·h]-

0- h

h ≤ Mm(b, h)

h ≤ Mm(b, h) ≤ ♯Vm(b, h) (2)
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m = 1 m = b ♯Vm(b, h)

♯V1(b, h) =

(
h

b

)
, ♯Vb(b, h) =

⟨
h

b

⟩
=

(
h+ b− 1

b

)

m = b− 1 ♯Vb−1(b, h) = ♯Vb(b, h)− h =
⟨
h
b

⟩
− h

s = s1s2 · · · sh ∈ Vm(b, h)

s [hs1 ][hs2 ] · · · [hsh ] h

Γm(b, h) Nm(b, h) N1(b, h)

[5]

3.1 1 ≤ b ≤ h− 1

N1(b, h) =
1

h

∑
d|gcd(b,h)

ϕ(d)

(
h/d

b/d

)

ϕ(d) := ♯{1 ≤ i ≤ d | gcd(i, d) = 1}

Γm(b, h) L 1 s = s1s2 · · · sh ∈ Γ1(b, h) k-

s′ = s′1s
′
2 · · · s′h 1 ≤ k ≤ h− 1

s′h = 0 s′ s′′ = 0s′1s
′
2 · · · s′h−1

L L 1

2 ≤ b ≤ mh− 2

Mm(b, h) ≤ ♯Vm(b, h)−N1(b, h). (3)

Γm(b, h) b ≥ 3

0h−1b [hb]0h−1

Mb(b, h) ≤
(
h+ b− 1

b

)
−N1(b, h)− 1 (4)

(b,m) = (2, 1) (3) [5]

3.2 h ≥ 4

M1(2, h) =

(
h

2

)
−N1(2, h) =

{
1
2
h(h− 2), h: ,

1
2
(h− 1)2, h: .

g = h− 1, e = ⌊h−1
2
⌋

he0e−1g0eh0e−1g0e+1h0e−2g0e+2h0e−3g0e+3h0e−4 · · ·h0g0h−3 (h ≥ 6 : ),

he0e−1h0e−1g0eh0e−2g0e+1h0e−3g0e+2h0e−4g0e+3 · · ·h0g0h−3 (h ≥ 5 : ).

b = 3 Mm(3, h) (3)(4)

3.3

h ≥ 5 M1(3, h) ≤

{
1
6
(h− 1)2(h− 2), h ̸≡ 0 (mod3);

1
6
(h− 3)(h2 − h+ 2), h ≡ 0 (mod3).

h ≥ 3 M2(3, h) ≤

{
1
6
(h3 + 2h2 − h− 2), h ̸≡ 0 (mod3);

1
6
(h3 + 2h2 − h− 6), h ≡ 0 (mod3).

h ≥ 2 M3(3, h) ≤

{
1
6
(h3 + 2h2 + 5h− 8), h ̸≡ 0 (mod3);

1
6
(h3 + 2h2 + 5h− 12), h ≡ 0 (mod3).

Mm(b, h) b ≥ 3 m ≥ 2 h

Mm(3, h) 1 Juggling Lab [3]

Mm(3, h) m = 1 [5, 2.8.5 ] M1(3, h) h ≤ 17

1: Mm(3, h)

m\h 1 2 3 4 5 6 7

1 - - 1 4 8 15 30

2 - 2 5 14 27

3 1 3 8 18

3.1 M1(3, h)

h ≥ 8 g = h − 1, e = ⌊h−5
3
⌋ 0 ≤ j ≤ e, 0 ≤ i ≤ h − 4 − 3j

Γ1(3, h) Ej,i, Ej, E

Ej,i : 10j10h−3−2j−i10j+i h0j−→ 10h−3−2j−i10j+i10j
h0h−3−2j−i

−→ 10j+i10j10h−3−2j−i,

Ej : Ej,0
g0j−→ Ej,1

g0j+1

−→ Ej,2
g0j+2

−→ Ej,3
g0j+3

−→ · · · · · · g0h−6−2j

−→ Ej,h−5−3j
g0h−5−2j

−→ 10j10j+110h−4−2j,

E : E1
g0−→ E2

g02−→ · · · g0e−1

−→ Ee
h0eh0e+1

−→ 10h−2e−410e10e+1.

1110h−3 ground-state E E0

E0,0 E0,e E ′
0

E ′
0 : E0,1

g0−→ E0,2
g02−→ E0,3

g03−→ · · ·

· · · g0e−2

−→ E0,e−1
g0e−1

−→ 110h−3−e10e
2−→ E0,e+1

g0e+1

−→ · · ·

· · · g0h−6

−→ E0,h−5
g0h−5

−→ 11010h−4.

m = 1 m = b ♯Vm(b, h)

♯V1(b, h) =

(
h

b

)
, ♯Vb(b, h) =

⟨
h

b

⟩
=

(
h+ b− 1

b

)

m = b− 1 ♯Vb−1(b, h) = ♯Vb(b, h)− h =
⟨
h
b

⟩
− h

s = s1s2 · · · sh ∈ Vm(b, h)

s [hs1 ][hs2 ] · · · [hsh ] h

Γm(b, h) Nm(b, h) N1(b, h)

[5]

3.1 1 ≤ b ≤ h− 1

N1(b, h) =
1

h

∑
d|gcd(b,h)

ϕ(d)

(
h/d

b/d

)

ϕ(d) := ♯{1 ≤ i ≤ d | gcd(i, d) = 1}

Γm(b, h) L 1 s = s1s2 · · · sh ∈ Γ1(b, h) k-

s′ = s′1s
′
2 · · · s′h 1 ≤ k ≤ h− 1

s′h = 0 s′ s′′ = 0s′1s
′
2 · · · s′h−1

L L 1

2 ≤ b ≤ mh− 2

Mm(b, h) ≤ ♯Vm(b, h)−N1(b, h). (3)

Γm(b, h) b ≥ 3

0h−1b [hb]0h−1

Mb(b, h) ≤
(
h+ b− 1

b

)
−N1(b, h)− 1 (4)

(b,m) = (2, 1) (3) [5]

3.2 h ≥ 4

M1(2, h) =

(
h

2

)
−N1(2, h) =

{
1
2
h(h− 2), h: ,

1
2
(h− 1)2, h: .

g = h− 1, e = ⌊h−1
2
⌋

he0e−1g0eh0e−1g0e+1h0e−2g0e+2h0e−3g0e+3h0e−4 · · ·h0g0h−3 (h ≥ 6 : ),

he0e−1h0e−1g0eh0e−2g0e+1h0e−3g0e+2h0e−4g0e+3 · · ·h0g0h−3 (h ≥ 5 : ).
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b = 3 Mm(3, h) (3)(4)

3.3

h ≥ 5 M1(3, h) ≤

{
1
6
(h− 1)2(h− 2), h ̸≡ 0 (mod3);

1
6
(h− 3)(h2 − h+ 2), h ≡ 0 (mod3).

h ≥ 3 M2(3, h) ≤

{
1
6
(h3 + 2h2 − h− 2), h ̸≡ 0 (mod3);

1
6
(h3 + 2h2 − h− 6), h ≡ 0 (mod3).

h ≥ 2 M3(3, h) ≤

{
1
6
(h3 + 2h2 + 5h− 8), h ̸≡ 0 (mod3);

1
6
(h3 + 2h2 + 5h− 12), h ≡ 0 (mod3).

Mm(b, h) b ≥ 3 m ≥ 2 h

Mm(3, h) 1 Juggling Lab [3]

Mm(3, h) m = 1 [5, 2.8.5 ] M1(3, h) h ≤ 17

1: Mm(3, h)

m\h 1 2 3 4 5 6 7

1 - - 1 4 8 15 30

2 - 2 5 14 27

3 1 3 8 18

3.1 M1(3, h)

h ≥ 8 g = h − 1, e = ⌊h−5
3
⌋ 0 ≤ j ≤ e, 0 ≤ i ≤ h − 4 − 3j

Γ1(3, h) Ej,i, Ej, E

Ej,i : 10j10h−3−2j−i10j+i h0j−→ 10h−3−2j−i10j+i10j
h0h−3−2j−i

−→ 10j+i10j10h−3−2j−i,

Ej : Ej,0
g0j−→ Ej,1

g0j+1

−→ Ej,2
g0j+2

−→ Ej,3
g0j+3

−→ · · · · · · g0h−6−2j

−→ Ej,h−5−3j
g0h−5−2j

−→ 10j10j+110h−4−2j ,

E : E1
g0−→ E2

g02−→ · · · g0e−1

−→ Ee
h0eh0e+1

−→ 10h−2e−410e10e+1.

1110h−3 ground-state E E0

E0,0 E0,e E ′
0

E ′
0 : E0,1

g0−→ E0,2
g02−→ E0,3

g03−→ · · ·

· · · g0e−2

−→ E0,e−1
g0e−1

−→ 110h−3−e10e
2−→ E0,e+1

g0e+1

−→ · · ·

· · · g0h−6

−→ E0,h−5
g0h−5

−→ 11010h−4.
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L

L : 1110h−3 h2−→ E ′
0

g−→ E
(g−e)0h−2e−4

−→ 10e110h−e−3 (e+3)0e−→ 1110h−3. (5)

L E 1110h−3 10e110h−e−3

E ′
0 E0,e L

Ej,i l(Ej,i) = h − 1 − j − i Ej, E ′
0

l(Ej) =
∑h−5−3j

i=0 {l(Ej,i)+(j+i+1)} = h(h−4−3j) l(E ′
0) = l(E0)−2h+1 = h2−6h+1

L

l(L) = 3 + l(E ′
0) + l(E) + (h− e− 2)

= h2 − 5h+ 2− e+
∑e

j=1{l(Ej) + j + 1}+ e+ 2

= h2 − 5h+ 4 +
∑e

j=1(h
2 − 4h− 3hj + j + 1)

= h2 − 5h+ 4 + (h2 − 4h+ 1)e+ 1
2
(1− 3h)e(e+ 1)

= (h2 − 11
2
h+ 3

2
)e+ 1

2
(1− 3h)e2 + (h2 − 5h+ 4).

e = ⌊h−5
3
⌋

3.4 h ≥ 8

M1(3, h) ≥
1

6
h3 − 7

9
h2 +




−1
6
h+ 3, h ≡ 0 (mod3);

−11
18
h+ 29

9
, h ≡ 1 (mod3);

− 1
18
h+ 26

9
, h ≡ 2 (mod3).

3.4 3.3 [4, 3.9]

3.5 lim
h→∞

M1(3, h)

h3
=

1

6

3.2 M2(3, h) M3(3, h)

h ≥ 3 g = h− 1 1 ≤ i ≤ h− 2 Γ2(3, h) Ci C

Ci : 0i−110h−2−i20
0i−1

−→ 10h−2−i20i
h0h−2−i

−→ 20i10h−2−i,

C : 0h−3210
0h−3[hh]−→ 10h−22

1−→ C1
[gg]−→ C2

[gg]−→ C3
[gg]−→ · · · [gg]−→ Ch−2.

C l(C) = h2 − 2h 20h−21

3.6 L Γ1(3, h) 10h−311
k−→ 0k−110h−k−3110 (1 ≤ k ≤ h− 4)

110h−31
k−→ 10k−210h−k−210 (2 ≤ k ≤ h − 2) Γ2(3, h)

L′ l(L′) = l(L) + h2 − 2h+ 2
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L k Γ2(3, h)

L′

10h−311
h−2−→ C

[h,k+1]−→ 0k10h−k−311
0−→ 0k−110h−k−3110,

110h−31
h−→ 10h−311

h−2−→ C
[k,1]−→ 10k−210h−k−210.

L′ l(L′) = l(L) + l(C) + 2

3.7 b ≥ 2 a = b − 1, g = h − 1 L′ Γa(b, h)

10h−2a
k−→ 0k−110h−k−2a0 (1 ≤ k ≤ h − 2) Γb(b, h) L̃

l(L̃) = l(L′) + h

L′ 10h−2a
k−→ 0k−110h−k−2a0 Γb(b, h)

L̃

10h−2a
g−→ 0h−2b0

0h−2

−→ b0h−1 [ha,k+1]−→ 0k10h−k−2a
0−→ 0k−110h−k−2a0

L̃ Γb(b, h) l(L̃) = l(L′) + h

3.8 27 554005[54]000[55]1500[54]05054050[54]00 3 2

5 1

12 10002
1−→ 10020 1 4000[552]0

32 3 3.3

M3(3, 5) ≤ 32 M3(3, 5) = 32

3.9 h ≥ 1

M2(2, h) = ♯V2(2, h)−N1(2, h) =

{
1
2
h2, h : ;

1
2
(h2 + 1), h : .

1 ≤ h ≤ 4 [11], [22]0 [21]1 320[32]0,

4300[42]030 h = 1, 2, 3, 4 2

h ≥ 5 2 3.2

2 10h−21
e−→ 0e−110h−e−210 3.7

e g0h−2[h, e+ 1]0 M1(2, h) + h Γ2(2, h)

(3) M2(2, h) ≤ ♯V2(2, h)−N1(2, h) =(
h
2

)
+ h−N1(2, h) = M1(2, h) + h

b = 3, h ≥ 8 3.4 3.6, 3.7 Mm(3, h)
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3.10 h ≥ 8

M2(3, h) ≥
1

6
h3 +

2

9
h2 +





−13
6
h+ 5, h ≡ 0 (mod3);

−47
18
h+ 47

9
, h ≡ 1 (mod3);

−37
18
h+ 44

9
, h ≡ 2 (mod3).

M3(3, h) ≥
1

6
h3 +

2

9
h2 +





−7
6
h+ 5, h ≡ 0 (mod3);

−29
18
h+ 47

9
, h ≡ 1 (mod3);

−19
18
h+ 44

9
, h ≡ 2 (mod3).

3.4 Γ1(3, h) (5) L L 2

110h−31
2−→ 110h−410 3.6 l(L)+h2−2h+2 Γ2(3, h)

L′ L′ 10h−22
1−→ 10h−320

3.7 l(L′) + h Γ3(3, h) L̃

3.11 [5, 2.8.5 ] h = 6, 7, 8, 9

15, 30, 49, 74 3.6

41 ≤ M2(3, 6), 67 ≤ M2(3, 7), 99 ≤ M2(3, 8), 139 ≤ M2(3, 9)

3.7 47 ≤ M3(3, 6), 74 ≤ M3(3, 7), 107 ≤ M3(3, 8),

148 ≤ M3(3, 9) 3.3 41 ≤ M2(3, 6) ≤ 46,

67 ≤ M2(3, 7) ≤ 72, 99 ≤ M2(3, 8) ≤ 105

3.10 3.3 3.5

3.12 m = 2, 3 lim
h→∞

Mm(3, h)

h3
=

1

6
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