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1

1980 [5]

-

[2, §19]
alignment

[1, 8]

-

[2, 4, 9]

[4, 1.4.5]

[6]

- [3], [10]

- - [7]

[7] 31

*

程式の折り紙による解法が与えられている。また近年，カセム-ゴーラビ-井田 7  では，コンパ

スを組合わせた３種類の新しい折り方を加えて，折り紙の作図公理を拡張する試みがなされて

いる。本稿では， 7  の研究を拡張して，コンパスと折り紙の組合せで可能な折り方を全て（31

通り）列挙して，完全なコンパス折り紙の公理を体系づけることを目的とする。
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A, B A ↔ B ⇐⇒
Ā ↔ B̄

[1]

2.5 ( ) P, P1, P2 , L,L1, L2 F

AL1. F (P1) ↔ P2 P1 P2 1

AL2. F (L1) ↔ L2 L1 L2 2

AL3. F (L) ↔ L L 3

AL4. F (P ) ↔ L P L 4

AL5. F ↔ P P 5

AL1, AL2 AL3 AL5

1 2 0

1

AL4 F P L

[2, 6, 4]

1: AL1. F (P1) ↔ P2 2: AL2. F (L1) ↔ L2

3: AL3. F (L) ↔ L 4: AL4. F (P ) ↔ L 5: AL5. F ↔ P

2 -

[1]

R2

2.1 ( ) (1) P (a, b) R2 P = (a, b)

(a, b) P

(2) L(a, b) ax+by+1 = 0 L = {(x, y) | ax+
by + 1 = 0} (a, b) L

(3) P (a, b) P̄ (a, b) L(a, b) L̄(a, b)

{(a, b)} (a, b)

A ¯̄A = A

2.2 ( ) F F ∈ Aut(R2)

A F F (A) A F

F ◦ F = idR2 A,B F

F (F (A)) = A, F (A) = B ⇐⇒ F (B) = A

[1, (1)(2)] [1]

2.3 (1) P (p, q) F (u, v)

F (P ) =

(
p(v2 − u2)− 2u(1 + qv)

u2 + v2
,
q(u2 − v2)− 2v(1 + pu)

u2 + v2

)

(2) L(a, b) F (u, v)

F (L) =

(
a(v2 − u2)− 2buv

u2 − 2au− 2bv + v2
,

b(u2 − v2)− 2auv

u2 − 2au− 2bv + v2

)

2.4 ( ) A ↔ B

alignment

(1) P, Q P ↔ Q ⇐⇒ P = Q

(2) L, M L ↔ M ⇐⇒ L = M

(3) P L P ↔ L ⇐⇒ P ∈ L P L
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A, B A ↔ B ⇐⇒
Ā ↔ B̄

[1]

2.5 ( ) P, P1, P2 , L,L1, L2 F

AL1. F (P1) ↔ P2 P1 P2 1

AL2. F (L1) ↔ L2 L1 L2 2

AL3. F (L) ↔ L L 3

AL4. F (P ) ↔ L P L 4

AL5. F ↔ P P 5

AL1, AL2 AL3 AL5

1 2 0

1

AL4 F P L

[2, 6, 4]

1: AL1. F (P1) ↔ P2 2: AL2. F (L1) ↔ L2

3: AL3. F (L) ↔ L 4: AL4. F (P ) ↔ L 5: AL5. F ↔ P

2 -

[1]

R2

2.1 ( ) (1) P (a, b) R2 P = (a, b)

(a, b) P

(2) L(a, b) ax+by+1 = 0 L = {(x, y) | ax+
by + 1 = 0} (a, b) L

(3) P (a, b) P̄ (a, b) L(a, b) L̄(a, b)

{(a, b)} (a, b)

A ¯̄A = A

2.2 ( ) F F ∈ Aut(R2)

A F F (A) A F

F ◦ F = idR2 A,B F

F (F (A)) = A, F (A) = B ⇐⇒ F (B) = A

[1, (1)(2)] [1]

2.3 (1) P (p, q) F (u, v)

F (P ) =

(
p(v2 − u2)− 2u(1 + qv)

u2 + v2
,
q(u2 − v2)− 2v(1 + pu)

u2 + v2

)

(2) L(a, b) F (u, v)

F (L) =

(
a(v2 − u2)− 2buv

u2 − 2au− 2bv + v2
,

b(u2 − v2)− 2auv

u2 − 2au− 2bv + v2

)

2.4 ( ) A ↔ B

alignment

(1) P, Q P ↔ Q ⇐⇒ P = Q

(2) L, M L ↔ M ⇐⇒ L = M

(3) P L P ↔ L ⇐⇒ P ∈ L P L
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C :

C

3.1 ( ) Q(a, b, c, d, e, f)

ax2+2bxy+cy2+2dx+2ey+f = 0 Q = {(x, y) ∈ R2 | ax2+2bxy+cy2+2dx+2ey+f =

0} Q ae2−2bde+cd2+(b2−ac)f ̸= 0

Q(a, b, c, d, e, f) Q̄(e2−cf, bf−ed, d2−af, cd−be, ae−bd, b2−ac)

Q

Q D = ac − b2

D > 0 D < 0 D = 0 Q̄

¯̄Q = Q

3.2 Q(a, b, c, d, e, f) a = c ̸= 0, b = 0, d2 + e2 − a2f > 0 Q

(a, b) r Q(1, 0, 1,−a,−b, a2 + b2 − r2)

Q̄(a2 − r2, ab, b2 − r2, a, b, 1)

i) Q Q ii) Q

iii) Q

A ↔ B

3.3 ( ) (1) P Q P ↔ Q

P Q P ∈ Q

(2) L Q L ↔ Q L Q

(3) Q1, Q2 Q1 ↔ Q2 ⇐⇒ Q1 = Q2

Q1, Q2 Q1 ↔ Q2 Q1 Q2

0 AL1 AL5

AL1, AL2, AL3+AL4, AL3+AL5, AL4+AL4, AL4+AL5, AL5+AL5

- [5], [2, §19]

2.6 ( - ) O1 (AL5+AL5) 6

O2 (AL1) 7

O3 (AL2) 8

O4 (AL3+AL5) 9

O5 (AL4+AL5)

10

O6 (AL4+AL4)

11

O7 (AL3+AL4)

12

6: O1:AL5+AL5
7: O2:AL1 8: O3:AL2 9: O4:AL3+AL5

10: O5:AL4+AL5 11: O6:AL4+AL4 12: O7:AL3+AL4

2.7 ( [8])

2.6

3
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C :

C

3.1 ( ) Q(a, b, c, d, e, f)

ax2+2bxy+cy2+2dx+2ey+f = 0 Q = {(x, y) ∈ R2 | ax2+2bxy+cy2+2dx+2ey+f =

0} Q ae2−2bde+cd2+(b2−ac)f ̸= 0

Q(a, b, c, d, e, f) Q̄(e2−cf, bf−ed, d2−af, cd−be, ae−bd, b2−ac)

Q

Q D = ac − b2

D > 0 D < 0 D = 0 Q̄

¯̄Q = Q

3.2 Q(a, b, c, d, e, f) a = c ̸= 0, b = 0, d2 + e2 − a2f > 0 Q

(a, b) r Q(1, 0, 1,−a,−b, a2 + b2 − r2)

Q̄(a2 − r2, ab, b2 − r2, a, b, 1)

i) Q Q ii) Q

iii) Q

A ↔ B

3.3 ( ) (1) P Q P ↔ Q

P Q P ∈ Q

(2) L Q L ↔ Q L Q

(3) Q1, Q2 Q1 ↔ Q2 ⇐⇒ Q1 = Q2

Q1, Q2 Q1 ↔ Q2 Q1 Q2

0 AL1 AL5

AL1, AL2, AL3+AL4, AL3+AL5, AL4+AL4, AL4+AL5, AL5+AL5

- [5], [2, §19]

2.6 ( - ) O1 (AL5+AL5) 6

O2 (AL1) 7

O3 (AL2) 8

O4 (AL3+AL5) 9

O5 (AL4+AL5)

10

O6 (AL4+AL4)

11

O7 (AL3+AL4)

12

6: O1:AL5+AL5
7: O2:AL1 8: O3:AL2 9: O4:AL3+AL5

10: O5:AL4+AL5 11: O6:AL4+AL4 12: O7:AL3+AL4

2.7 ( [8])

2.6

3
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13: AL6. F (P ) ↔ C 14: AL7. F (L) ↔ C 15: AL8. F ↔ C

16: AL9. F (C1) ↔ C2( ) 17: AL10. F (C) ↔ C( )
18: AL11. F (C1) ↔ C2( )

3.6 A6 A11 AL9

1

AL9 AL1. F (P ) ↔ P ′

AL10 AL5. F ↔ P

1

1:

AL6 AL6,AL7,AL8,AL11

AL6,AL9,AL10

AL1 AL11

3.4 A, B A ↔ B ⇐⇒ Ā ↔ B̄

A ↔ B ⇐⇒ A = B

L(A,B) Q(a, b, c, d, e, f) Ax+By+1 =

0, ax2 + 2bxy + cy2 + 2dx+ 2ey + f = 0 A,B

0 B ̸= 0 y

aB2x2 + 2bBx(−Ax− 1) + c(−Ax− 1)2 + 2dB2x+ 2e(−Ax− 1)B + fB2 = 0

(aB2 − 2bAB + cA2)x2 + 2(cA− bB + dB2 − eAB)x+ (c− 2eB + fB2) = 0

D

D = (cA− bB + dB2 − eAB)2 − (aB2 − 2bAB + cA2)(c− 2eB + fB2)

D/B2 = (e2 − cf)A2 + 2(bf − de)AB + (d2 − af)B2 + 2(cd− be)A+ 2(ae− bd)B + (b2 − ac)

D = 0 L̄(A,B) Q̄(e2− cf, bf − de, d2− af, cd− be, ae−
bd, b2 − ac) A ̸= 0 L ↔ Q ⇐⇒ L̄ ↔ Q̄

P Q P ↔ Q ⇐⇒ P̄ ↔ Q̄

Q1, Q2 Q1 Q2 P L

Q1 ↔ Q2 ⇔ P ↔ Qi, L ↔ Qi (i = 1, 2) L

Q̄1 ↔ Q̄2

3.5 ( ) P L C,C1, C2 F

AL6. F (P ) ↔ C P C 13

AL7. F (L) ↔ C L C 14

AL8. F ↔ C C 15

AL9. F (C1) ↔ C2 C1 C2 16

AL10. F (C) ↔ C C 17

AL11. F (C1) ↔ C2 C1 C2 18
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13: AL6. F (P ) ↔ C 14: AL7. F (L) ↔ C 15: AL8. F ↔ C

16: AL9. F (C1) ↔ C2( ) 17: AL10. F (C) ↔ C( )
18: AL11. F (C1) ↔ C2( )

3.6 A6 A11 AL9

1

AL9 AL1. F (P ) ↔ P ′

AL10 AL5. F ↔ P

1

1:

AL6 AL6,AL7,AL8,AL11

AL6,AL9,AL10

AL1 AL11

3.4 A, B A ↔ B ⇐⇒ Ā ↔ B̄

A ↔ B ⇐⇒ A = B

L(A,B) Q(a, b, c, d, e, f) Ax+By+1 =

0, ax2 + 2bxy + cy2 + 2dx+ 2ey + f = 0 A,B

0 B ̸= 0 y

aB2x2 + 2bBx(−Ax− 1) + c(−Ax− 1)2 + 2dB2x+ 2e(−Ax− 1)B + fB2 = 0

(aB2 − 2bAB + cA2)x2 + 2(cA− bB + dB2 − eAB)x+ (c− 2eB + fB2) = 0

D

D = (cA− bB + dB2 − eAB)2 − (aB2 − 2bAB + cA2)(c− 2eB + fB2)

D/B2 = (e2 − cf)A2 + 2(bf − de)AB + (d2 − af)B2 + 2(cd− be)A+ 2(ae− bd)B + (b2 − ac)

D = 0 L̄(A,B) Q̄(e2− cf, bf − de, d2− af, cd− be, ae−
bd, b2 − ac) A ̸= 0 L ↔ Q ⇐⇒ L̄ ↔ Q̄

P Q P ↔ Q ⇐⇒ P̄ ↔ Q̄

Q1, Q2 Q1 Q2 P L

Q1 ↔ Q2 ⇔ P ↔ Qi, L ↔ Qi (i = 1, 2) L

Q̄1 ↔ Q̄2

3.5 ( ) P L C,C1, C2 F

AL6. F (P ) ↔ C P C 13

AL7. F (L) ↔ C L C 14

AL8. F ↔ C C 15

AL9. F (C1) ↔ C2 C1 C2 16

AL10. F (C) ↔ C C 17

AL11. F (C1) ↔ C2 C1 C2 18
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3.7 ( ) O1 O7 C

1.

O8 (AL5+AL6) P1 C P2

O9 (AL4+AL6) P1 L P2 C

O10 (AL3+AL6) P C L

O11 (AL6+AL6) P1 C1 P2 C2

2.

O12 (AL3+AL7) L1 C L2

O13 (AL4+AL7) P L1 L2 C

O14 (AL5+AL7) L C P

O15 (AL6+AL7) P C1 L C2

O16 (AL7+AL7) L1, L2 C1, C2

O17 (AL3+AL8) L C

O18 (AL4+AL8) P L C

O19 (AL5+AL8) P C

O20 (AL6+AL8) P C1 C2

O21 (AL7+AL8) L C1 C2

O22 (AL8+AL8) C1, C2

O23 (AL3+AL11) C1 C2 L

O24 (AL4+AL11) P L C1 C2

O25 (AL5+AL11) P C1 C2

O26 (AL6+AL11) P C1 C2 C3

O27 (AL7+AL11) L C C1 C2

O28 (AL8+AL11) C1 C2 C3

O29 (AL11+AL11) C1 C2 C3 C4

3.

O30 (AL9) C1 C2

O31 (AL3+AL10) L C

O32 (AL4+AL10) P L C

O33 (AL5+AL10) P C

O34 (AL6+AL10) P C1 C2

O35 (AL10+AL10) C1, C2

4.

O36 (AL7+AL10) L C1 C2

O37 (AL8+AL10) C1 C2

O38 (AL10+AL11) C1 C2 C3

3.8 - - [7] - AL6

O8 O10

O11

AL10 AL6

O31 O33 O8 O10

3.9 3.7

4

AL6 AL11

AL7 AL11

1. AL7 L C l1, l2 P

l1 l2 AL4 19

2. AL8

3. AL9 AL1

4. AL10 AL5

5. AL11 C2 C3 C1 P

C3 AL6 20

19: AL7 : F (P ) ↔ l1 ∪ l2 20: AL11 : F (P ) ↔ C3
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3.7 ( ) O1 O7 C

1.

O8 (AL5+AL6) P1 C P2

O9 (AL4+AL6) P1 L P2 C

O10 (AL3+AL6) P C L

O11 (AL6+AL6) P1 C1 P2 C2

2.

O12 (AL3+AL7) L1 C L2

O13 (AL4+AL7) P L1 L2 C

O14 (AL5+AL7) L C P

O15 (AL6+AL7) P C1 L C2

O16 (AL7+AL7) L1, L2 C1, C2

O17 (AL3+AL8) L C

O18 (AL4+AL8) P L C

O19 (AL5+AL8) P C

O20 (AL6+AL8) P C1 C2

O21 (AL7+AL8) L C1 C2

O22 (AL8+AL8) C1, C2

O23 (AL3+AL11) C1 C2 L

O24 (AL4+AL11) P L C1 C2

O25 (AL5+AL11) P C1 C2

O26 (AL6+AL11) P C1 C2 C3

O27 (AL7+AL11) L C C1 C2

O28 (AL8+AL11) C1 C2 C3

O29 (AL11+AL11) C1 C2 C3 C4

3.

O30 (AL9) C1 C2

O31 (AL3+AL10) L C

O32 (AL4+AL10) P L C

O33 (AL5+AL10) P C

O34 (AL6+AL10) P C1 C2

O35 (AL10+AL10) C1, C2

4.

O36 (AL7+AL10) L C1 C2

O37 (AL8+AL10) C1 C2

O38 (AL10+AL11) C1 C2 C3

3.8 - - [7] - AL6

O8 O10

O11

AL10 AL6

O31 O33 O8 O10

3.9 3.7

4

AL6 AL11

AL7 AL11

1. AL7 L C l1, l2 P

l1 l2 AL4 19

2. AL8

3. AL9 AL1

4. AL10 AL5

5. AL11 C2 C3 C1 P

C3 AL6 20

19: AL7 : F (P ) ↔ l1 ∪ l2 20: AL11 : F (P ) ↔ C3

方は，表１に示したそれぞれの立場において完全である。
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4.2 P, Pi L,Li C,Ci F

1. O8 : F (P1) ↔ C, F ↔ P2

P1 C Q O8 F

P2 Q 23

2. O9 : F (P1) ↔ C, F (P2) ↔ L

P1 C Q1 P2 L

Q2 O9 F Q1, Q2 24

3. O12 : F (L1) ↔ C, F (L2) ↔ L2

L1 C l1, l2 C P

Q1, Q2 O12 F L2

Q1 Q2 25

4. O20 : F (P1) ↔ C1, F ↔ C2

P1 C1 Q O20 F

Q C2 26

23: O8 P2 Q 24: O9 : Q1, Q2

25: O12 L2 Q1 26: O20 : Q,C2

4.3 O1 O38

- O1

4.1 AL6

AL6: F (P ) ↔ C P (p, q) C : (x− a)2 + (y − b)2 = r2

F (u, v) F (P ) ↔ C
(
p(v2 − u2)− 2u(1 + qv)

u2 + v2
− a

)2

+

(
q(u2 − v2)− 2v(1 + pu)

u2 + v2
− b

)2

− r2 = 0 (1)

(1) u, v

{(p+a)2+(q−b)2−r2}u2+4(pb+qa)uv+{(p−a)2+(q+b)2−r2}v2+4(p+a)u+4(q+b)v+4 = 0

F̄ (u, v)

Q′((p+ a)2 + (q − b)2 − r2, 2(pb+ qa), (p− a)2 + (q + b)2 − r2, 2(p+ a), 2(q + b), 4) (2)

F (P ) ↔ C ⇔ F̄ ↔ Q′ AL6 F Q′

Q = Q̄′

C Q [6]

4.1 O R C P

P C F O P

Q Q X

(1) P C OX + PX = R 21

(2) P C |OX − PX| = R 22

21: 22:

4.1 F (P ) ↔ C ⇔ F ↔ Q

AL4: F (P ) ↔ L F P L

[2, 6, 4]

AL8 AL4 AL7 AL6 AL11

は
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4.2 P, Pi L,Li C,Ci F

1. O8 : F (P1) ↔ C, F ↔ P2

P1 C Q O8 F

P2 Q 23

2. O9 : F (P1) ↔ C, F (P2) ↔ L

P1 C Q1 P2 L

Q2 O9 F Q1, Q2 24

3. O12 : F (L1) ↔ C, F (L2) ↔ L2

L1 C l1, l2 C P

Q1, Q2 O12 F L2

Q1 Q2 25

4. O20 : F (P1) ↔ C1, F ↔ C2

P1 C1 Q O20 F

Q C2 26

23: O8 P2 Q 24: O9 : Q1, Q2

25: O12 L2 Q1 26: O20 : Q,C2

4.3 O1 O38

- O1

4.1 AL6

AL6: F (P ) ↔ C P (p, q) C : (x− a)2 + (y − b)2 = r2

F (u, v) F (P ) ↔ C
(
p(v2 − u2)− 2u(1 + qv)

u2 + v2
− a

)2

+

(
q(u2 − v2)− 2v(1 + pu)

u2 + v2
− b

)2

− r2 = 0 (1)

(1) u, v

{(p+a)2+(q−b)2−r2}u2+4(pb+qa)uv+{(p−a)2+(q+b)2−r2}v2+4(p+a)u+4(q+b)v+4 = 0

F̄ (u, v)

Q′((p+ a)2 + (q − b)2 − r2, 2(pb+ qa), (p− a)2 + (q + b)2 − r2, 2(p+ a), 2(q + b), 4) (2)

F (P ) ↔ C ⇔ F̄ ↔ Q′ AL6 F Q′

Q = Q̄′

C Q [6]

4.1 O R C P

P C F O P

Q Q X

(1) P C OX + PX = R 21

(2) P C |OX − PX| = R 22

21: 22:

4.1 F (P ) ↔ C ⇔ F ↔ Q

AL4: F (P ) ↔ L F P L

[2, 6, 4]

AL8 AL4 AL7 AL6 AL11
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O7 [4, 9]

Q V
[9, Theorem 10.14]

4.2

O9 24

[10, 3.6] [3]

[10]
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