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Abstract. In this paper, we study a relation between super
Weyl groupoids defined by Sergeev and Veselov [9] and Coxeter
groupoids by Heckenberger and Yamane [3]. As an application,
we provide generators and defining relations for the super Weyl
groupoids.

1. Introduction

In the representation theory of basic classical Lie superalgebras, cer-
tain reflections, called odd reflections, play important roles. An odd
reflection is defined as a transformation between basis of a root system
(see e.g. [10]), and it is not necessarily extended to a linear transfor-
mation on the dual space of the Cartan subalgebra containing the root
system. Hence, it is not obvious what kind of algebraic system should
be considered in order to treat ordinary (real) and odd reflections at the
same time.

In [3], I. Heckenberger and H. Yamane proposed the notion of a Cox-
eter groupoid from the viewpoint of structures of Nichols algebras and
basic classical Lie superalgebras. On the other hand, in [9], A. N. Sergeev
and P. Veselov introduced the super Weyl groupoid associated with a
basic classical Lie superalgebra, and show that the representation rings
of the Lie superalgebras can be regarded as invariants of the groupoid.

The main purpose of this article is to give a relation between the super
Weyl groupoids associated with the basic classical Lie superalgebras
and Coxeter groupoids. Since a super Weyl groupoid is defined as the
disjoint union of the Weyl group of the corresponding Lie superalgebra
and a certain groupoid, we concentrate on the groupoid part. In this
paper, we introduce the notion of an involutive Coxeter groupoid and its
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extension. The groupoid part of a super Weyl groupoid is obtained as
the extension of an involutive Coxeter groupoid. Moreover, the structure
of the involutive Coxeter groupoid in a super Weyl groupoid can be
described by means of (1) the direct product of Coxeter groupoids, (2)
the semi-direct product groupoid constructed from an action of a Weyl
group. As an application, we obtain generators and defining relations
for the super Weyl groupoids.

Finally, we remark on an expected relation between a super Weyl
groupoid and certain generalized Verma modules over the corresponding
basic classical Lie superalgebra. It is well-known that the embedding
structure of Verma modules over a finite dimensional simple Lie algebra
can be described by its Weyl group. At least in the simplest case, one
can observe a similar relation between generalized Verma modules over
5[(2,1) and the super Weyl groupoid of type A(1,0).

This paper is organized as follows: In Section 2, after giving some
basic definitions in the theory of groupoids, we recall the definitions of
a super Weyl groupoid and a Coxeter groupoid and give examples of
them. In Section 3, we introduce the notion of an involutive Coxeter
groupoid and its extension, and show that the groupoid part of a super
Weyl groupoid is isomorphic to the extension of an involutive Coxeter
groupoid. In Section 4, we explicitly describe the super Weyl groupoids
of types A(m,n), B(m,n), C(n) and D(m,n) in terms of the Weyl
groups of simple Lie algebras. In Section 5, we compare the embedding
structure of generalized Verma modules over sl(2, 1) and the super Weyl
groupoid of type A(1,0). In Appendix, we analyze the structure of the
atypical integrable representations over s[(2,1) by means of generalized
Verma modules.

Throughout this paper, we denote the cardinality of a set A by #A,
and the disjoint union of sets A and B by AU B. The vector spaces are
over the complex number field C unless otherwise stated.

2. Super Weyl groupoids and Coxeter groupoids
2.1. Preliminaries

A super Weyl groupoid is defined to be the semi-direct product
groupoid of a group and a groupoid. Here, we give the definition of
semi-direct product groupoids following [1].

Recall that a groupoid & is a small category such that any morphism
is an isomorphism. The set Ob(®) of all objects is called base of &. Let
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I' be a group with the unit 1y, and & a groupoid. We first introduce
the notion of a group action on a groupoid.

Definition 2.1. An action of I' on & is a collection of the following
maps: For each v € T,

(1) v : Ob(®) — Ob(®) satisfying
(V' onN@) =7'(v(x)), 1Ir(x) =z (¥, €T, Vz € Ob(®)),
(2) v :Homg(X,Y) — Home (7(X), (X)) satisfying

(Y o) =7((f), r(f)=Ff (V.7 €T, Vf € Homg(X,Y)),
Y(gof)=1(9)ov(f) (Vv €T, Vf € Home(X,Y), Vg € Homeg(Y, Z)).
By definition, it is easy to see that y(1x) = 1,x).

Definition 2.2. The semi-direct product groupoid I' x & of I' and & is
the groupoid defined by

(1) Objects: Ob(I' X &) := Ob(®),
(2) Morphisms: Hompyg(X,Y) :={(v, /)|y €T, f € Homg(v(X),Y)},

(3) Composition:
(0.9) o (v, ) == (7,9 0 8()), (2.1)
where (7, f) € Homp,e(X,Y) and (4, g) € Hompys (Y, Z).

Suppose that a group I' acts on a set M. We regard M as a fine
groupoid, namely, the groupoid on M consisting only of identities. As
a typical example of the semi-direct product groupoid, we have I x M.
In fact, we will see in Section 2.4 that if I' is a Weyl group, then I' x M
is a Coxeter groupoid. For simplicity, set

[v,m] == (v, 1ym)) (y€T, meM). (2.2)

Notice that [y, m] € Homryas(m,y(m)). Under this setting, Definition
2.2 can be rewritten as follows:

Definition 2.3. The semi-direct product groupoid I' x M is defined by
(1) Objects: Ob(I' x M) := M.

(2) Morphisms: Hompy ps(m,n) := {[y, m]|y(m) = n} for m,n € M.
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(3) Composition: [§,n] o [y, m] := [0, m], where n = y(m).
Finally, for later use, we recall the disjoint union and the direct prod-
uct of two groupoids &; (i = 1,2). The disjoint union
61 UG, (2.3)
is the groupoid defined by
(1) Objects: Ob(B; LI &2) := Ob(&1) LU Ob(&3),
(2) Morphisms:

Hom@i (X, Y) (X, Y e Ob(@z))

Homg, e, (X,Y) == {@ (otherwise)

The direct product
61 X @2 (2.4)

of the groupoids &; (i = 1,2) is defined as the product of categories:
(1) Objects: Ob(B1 x B2) = Ob(&;) x Ob(B2),
(2) Morphisms: for Xy, ¥y € Ob(8y),

H0m®1><®2((X17X2)7 (}/17Y2)) = {(f17f2)|f2 € HOH]@Z(XZ,}/E)}

(3) Composition: (g1,92) o (f1, f2) :== (g1 0 f1,92 © f2).

In Section 4.1, we will see that if both of &; are Coxeter groupoids, then
B1 X By is also a Coxeter groupoid.

2.2. Definition of super Weyl groupoids

In order to define super Weyl groupoids, we first introduce notation
for Lie superalgebras. Let g be a basic classical Lie superalgebra, and
h a Cartan subalgebra of g. Let (-,:) be a non-degenerate even super-
symmetric invariant bilinear form on g and £ : h — bh* the linear map
defined by (£(h),h') = (h,h’). We introduce a non-degenerate bilinear
form (-,-) on b* as (A, ) = (£71(N\),671(n)). Let A be the root sys-
tem of g, {a;}ier the set of the simple roots with an index set I and
Q = ) ;1 Loy the root lattice. Denote the sets of the even and the odd
roots by Ag and Aj. The subset Ajso = {a € Aj|(a, ) = 0} of Ay is
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the set of the isotropic odd roots. Put AT := ANQ™, A%‘ =AjNQT,
A—{ =A1N Q" Ai-is_o = Aiso N QT, where QT := Ziel L>p0y;.

For v € Ay, define the real reflection r, € GL(h*) by ry(X) == X —
26 (v)

(1,7)
group of g, namely, W is the subgroup of GL(h*) generated by all real

reflections 7, (v € Aj). We define the groupoid J as follows:

(X, 7Y)y, where vV = is the coroot of 7. Let W be the Weyl

(1) Objects: Ob(J) = Ajso,

(2) Morphisms: for «, 8 € A,

{la} (B=0q)
Homs(a, §) := ¢ {ta} (8= —q)
0 (otherwise)
By definition, t_o oty = 14, ta 0 t_o = 1_, and thus, t;}l = tra.
Lemma 2.1. The Weyl group W acts on J as follows:
w:a—w(@), Lo lye)y, ta=tye (WeW, ac i)
Then, one can consider the semi-direct product groupoid of W and J:
W =W x 7. (2.5)
We remark that

{(w7 1w(a))} (5 = UJ(O() if Jw € W)
Homgy(a, B) = { {(w, twa))} (6= —w(a)if Jwe W). (2.6)
0 (otherwise)

Definition 2.4 ([9]). The super Weyl groupoid associated to a basic
classical Lie superalgebra g is the disjoint union W LI 20 of the Weyl
group W of g and the groupoid 20 (see (2.3)). Here, we regard W as a
groupoid with the base consisting of one point.

Since the structure of the Weyl group W is well-known ([5]), we con-
centrate on the groupoid part 20.
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Remark 2.1. If we regard Ajg, as a fine groupoid, then the semi-direct
product W x Ajg, is a subgroupoid of 2J. Since 7 = 2 X §Ajs0, we have

120 = 2 x (W X Aiso). (2.7)
In Subsection 2.4, we will show that W x Ay, is a Coxeter groupoid.

Throughout this paper, we assume that A, is not empty, namely, g
is not a finite dimensional simple Lie algebra or the simple Lie super-
algebra of type B(0,n). For the classification of the basic classical Lie
superalgebras, see [5].

Now, we look at an example of 27 in the case where g is of type
A(1,0).

Example 2.1. A Cartan matrix of type A(1,0) is given by

2 -1
(2 ). -
Here, a1 and as are simple roots, and « := a3 +as. We have Ag ={a1},
A{r = {ag,a}, AL = A;r and W = {1,r}, where r denotes a unique
even reflection (r = r4,). Since §J = 2 X §A;5, = 8, we have 20 = 16.

One can arrange the elements of 20 as follows:

‘ a9 (6] — Q9 —Q
Q2 (17 1a2) (7“, 1012) (Lt—az) (rat—az)
a | (nly) (1,1, (rt_s)  (1,t—q) (2.9)

(1,1a)
—Qg (17ta2) (’I”,ta2) (171*042) (rvlfaz)
o | (nte) (Lta) (mloa) (1,1_4)

where each row and column respectively correspond to the codomain
and domain of morphisms.

2.3. Definition of Coxeter groupoids

Coxeter groupoids were first introduced as semigroups in [3], and later
on the notion is reformulated by Cuntz and Heckenberger [2] in terms
of groupoids.

Let I be a finite index set, and @ a finitely generated free abelian
group with base {f;}ier. Put Q1 := 3 ;c;Z>08;. Let C = (¢ij)ijer be
a generalized Cartan matrix, i.e., a matrix with integer entries satisfying

(i) iy =2and ¢;; <0 (i # j), and
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(ii) if ¢;; = 0, then ¢;; = 0. Let us recall the definition of a Cartan
scheme.

Definition 2.5. For a non-empty set A, the sets {p;}ic; of maps p; :
A — A and {C%}4ea of generalized Cartan matrices C* = (cf;), the
quadruple C := C(I, A,{pi}ic1,{C%}aca) is called a Cartan scheme if it
satisfies

(Cl) p; =1ida (Vi e I),
(C2) £ =t (Vi,j €1, Ya € A).
For i € I and a € A, define of € Aut(Q) by
oj (Bj) = Bj —ci;Bi (G €T
A root system associated with a Cartan scheme C is defined as follows:

Definition 2.6. Suppose that a subset R* C @ is given for each a € A.
Set R} := R*N Q4 and

mg; = H{R" N (Z>0B; + Z>0B;)} (4,5 € I). (2.10)

A pair R := R(C,{R"},eca) of a Cartan scheme C = C(I, A, {p; }icr,
{C%}aeca) and the set {R%},ca is called a root system of type C if it
satisfies

(R1) R* = RS U (~RY) (Va € A),

(R2) R*NZB; ={Bi,—pi} (VieI,Vac A),

(R3) 0%(R*) = RP(%) (Vi € I,Ya € A),

(R4) if m{; < oo fori,j €I (i #j)and a € A, then (p;p;)"i(a) = a.
Let R be a root system of type C.

Definition 2.7. The Coxeter groupoid W(R) associated with R is the
groupoid defined by the following generators and relations.

(1) Objects: Ob(W(R)) = A,

(2) Generators: {s|i € I, a € A}, where s§ € Homyy(g)(a, pi(a)),
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(3) Relations:

§21, =14, (sjsp)" %1, =1, (Vi,j keI (j#k), Va € A).
(2.11)
Here and after, we often abbreviate the superscript of generators
determined automatically from a € A and use the following con-

vention: For i1, - ,7, € I, denote
. az (01
Siy *** SigSiy L 1= 8§10 0877 087l (2.12)
where a1 := a, ag := p;(a1), -+, an = pi,_,(An-1)-

Precisely speaking, in [2], the next definition is adopted.
Definition 2.8. The groupoid WCH(R) is defined by
(1) Objects: Ob(WCH(R)) := A,

(2) Morphisms: for a, b € A, Homyyon(gy(a,b) is the set of all triples
(b, f,a) with f = om0 00l 00! and b = p;,(an), where,
for iy, ,in, € I, we put a1 := a, az = p;,(a1), -+, an =
pinfl(an—l)-

(3) Composition: (c,g,b)o (b, f,a) = (c,go f,a).
In fact, two definitions are equivalent.

Theorem 2.1 ([3],[2]). The Cozxeter groupoid W(R) is isomorphic to
the groupoid WEH(R), and an isomorphism is given by the functor which
sends s§ — (pi(a),of,a).

For the details of proof, see [12].

2.4. Coxeter groupoids constructed from Weyl groups

Many Coxeter groupoids appeared in the representation theory of Lie
superalgebras can be constructed as semi-direct product groupoids (Def-
inition 2.3) from Weyl groups. For later use, we give typical examples
of such Coxeter groupoids.

Let a be a finite dimensional semi-simple Lie algebra of rank n. Set
I:={1,2,--- ,n}. In this subsection, let C' = (c;;):jer be the Cartan
matrix, A the root system and {f;}icr the set of the simple roots of a.
Let W be the Weyl group, whose generators (the simple reflections) are
denoted by {s;}ier-
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Suppose that W acts on a finite set A and regard A as a fine groupoid.
We will show that the semi-direct product groupoid W x A is a Coxeter
groupoid.
cWiA RWA as follows:

Lemma 2.2. Define the quadruple and the pair

Cw;A = C(Ia A7 {Pi}iela {Ca}aeA)a Rw;A = R(Cw;Av {Ra}aeA)a
(2.13)

(1) pi:=si: A— A (i € I) are given by the action of W on A,
(2) C*:=C and R* := A (a € A).
Then, CW34 is a Cartan scheme and R4 is a root system of type CW4.

By the lemma, we obtain the Coxeter groupoid W(RW:4) with R34,
Let {s{}aca be its generators, where s € Homyygw:a)(a, si(a)).

Lemma 2.3. The Cozxeter groupoid W(RW““) 18 1somorphic to the
semi-direct product groupoid W x A. An isomorphism is given by the
functor which sends s¢ — [s;,a], where the symbol [s;,a] is defined in
(2.2). Hence, we have

IW(RWA) = W x £A. (2.14)

Proof. Set m; j := ${AN(Z>0Bi +Z>00;)}. For any a € A, the constant
mi; given by (2.10) is equal to m; ;. Hence, the elements {[s;,al|i €
I,a € A} satisfy the relations (2.11), and there exists a homomorphism
@ : W(RW4) — W x A of groupoid which sends s¢ + [s;, al.

Since {[s;,a]|i € I,a € A} generate W x A, the homomorphism & is
surjective. We will prove that it is injective. It suffices to show that for
any

w=s" s;; € WRYA) (a1 :=a, a1 = si(ar) (k=1,---,p)),

if ®(z) = [1,a], then = 1,. Under the isomorphism in Theorem 2.1,
x corresponds to the triple (b,w,a) with w := s;,---5; and b := apy1.
By the definition of ®, we have ®(x) = [w,a]. Hence, if ®(z) = [1,a],
then w = 1 and (b, w,a) = (a,1,a) which corresponds to 1,. Thus, we
obtain x = 1,, and the injectivity holds. O

To describe the groupoid part 20 of a super Weyl groupoid, we will
use W x A constructed from the actions of W on A given below:
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(1) Case a = Ay:
A= {m, e, Mp )y (2.15)

where {7;}i=1,.. n+1 is the orthonormal base satisfying 5; = n; —
Mi+1-

(2) Case a = By, Cy, or Dy;:
A = {:l:7717:t7727"' 7:l:77’n}) (216)

where {n; };cr is orthogonal bases of h* satisfying

i —Ni+1 (1 <n)
) m (t=nANa=DB,)
hi= 2 (i=nAa=Cp)
M-1+1, (i=nAa=D,)

3. Extensions of Coxeter groupoids and the groupoid part 2J
3.1. Involutive Coxeter groupoids and their extensions

Here, we introduce the notions of an involutive Coxeter groupoid and
its extension.

Definition 3.1. Let W(R) be the Coxeter groupoid with a root system
R of type C, where C = C(I, A, {pi }ier, {C%}aca) and R = R(C,{R%}aca)-
We say that W(R) is involutive if there exists a bijection

A=A (3.1)
with the following conditions:

(1) (@) =a, a # a (Ya € A),

(2) pi(a) = pi(a) (Vi € I,Ya € A),
(3) C@ = (9, R% = R* (Va € A).

In the cases of By, C, D,, the groupoid W(RWi4) in (2.16) is an
involutive Coxeter groupoid with the bijection ~: A — A is given by
a = —a.

We introduce an extension W¢(R) of the involutive Coxeter groupoid
W(R) with a root system R of type C, where R = R(C,{R"},c4) and
C=C(,A{pi}ticr,{C%}aca). Let =: A — A be the bijection (3.1).
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Definition 3.2. Define the groupoid W¢(R) as follows:
(1) Objects: Ob(W*(R)) = A,

(2) Generators: {s{, t*|i € I, a € A}, where s{ € Homyye(g)(a, pi(a)),
t* e HOH’lWe(R) (CL, EL).

(3) Relations:
210 = 1o, (sj56) 41y = 1o, 121, =14, sitl, = tsil,

(Vi,j, keI (j#k), Yae A),
(3.2)

where we use notation similar to (2.12) and abbreviate s¢ and t*
to s; and t respectively. For example, s;t1, = ts;1, should be
regarded as s7t® = tPi(®) s,

Proposition 3.1. The following equality holds:
WER) = W(R) UtW(R),

where the right hand side is the set-theoretic disjoint union. Hence, we
have

BVE(R) = 2 x EW(R). (3.3)

Proof. For simplicity, set W = W(R) and let ¢« : W — W be the
isomorphism of groupoids given by
f:s?:-~-5?11 = u(f) == s 80

in il

We will introduce appropriate groupoid structure on the set-theoretic
disjoint union & := W U W and show that it is isomorphic to W¢(R).
Here, the groupoid & is defined by

(1) Objects: Ob(®) := A,
(2) Morphisms:

Homg (a, b) := Homyy(a,b) Ll Homyy(a, b),

where the right hand side is the set-theoretic disjoint union.
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(3) Composition: for f € Homg(a,b) and g € Homg (b, ¢),

ol {gof (f € Homyy(a,b))
o° " |ug)of (f€Homp(aD)’

where to distinguish composition in & and WV, we denote that of
& (resp. W) byg (resp. o).

Then, one can show that & is a groupoid. Indeed, the inverse of f €
Homg (a, b) is given by

f_1 .: fil (f € Homyy(a,b))
: oB)

u(f~Y)  (f € Hompy(a,b))

Moreover, if we define the functor ® : W¢(R) — & by

— s, t%+— 1, € Homy(a, (a)) C Homg(a,a),

79

a
S;

then ® is an isomorphism. Hence, we obtain the proposition. O

3.2. Main results

Let 20 be the groupoid part (2.5) associated with a basic classical Lie
superalgebra g. Let gg be the even part of g. In the following, g% denotes
the semi-simple part of gj. Remark that Ag is the root system of the
semi-simple Lie algebra g’[—). Let {B;}icrr be the set of the simple roots
of g5 with an index set I'. For each i € I’, we denote the real reflection
corresponding to (; by s;.

Let W(RW:iAiso) be the Coxeter groupoid given by Lemma 2.2 for
a:= g5. By Lemma 2.3, we have

Lemma 3.1. The semi-direct product W X Ais, s isomorphic to
W(RWiBiso) " and an isomorphism is given by the functor W(RWiRiso) —
W x Aiso which sends

Sz — (Si, 151.(,\{)) (Z € I/, AS Aiso)- (34)

Moreover, if we define the bijection = : Ajso = Aigo by 7 := —7y, then it
is an involutive Coxeter groupoid.

As a corollary, we obtain the following theorem:
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Theorem 3.1. The groupoid part 20 of the super Weyl groupoid is iso-
morphic to the extension We(RWiRiso) of the involutive Cozeter groupoid
W(RW;Aiso).

Proof. One can extend (3.4) to a homomorphism W¢(RW:Aise) — 90 by
t7 = (1,ty) (v € Aiso). It is surjective since 20 is generated by {s],t7]i €
I'y € Aigo}. By (2.7) and (3.3), we have #20 = $We(RWi%is0). Hence,
it is also injective. We complete the proof. O

4. Description of the groupoid part 20

The Weyl group of a basic classical Lie superalgebra g coincides with
that of the semi-simple part gE—). From this fact, we obtain a description of
2 in terms of the Weyl groups of simple Lie algebras. Here, we consider
the case where g is of types A(m,n), B(m,n), C(n) and D(m,n).

4.1. Preliminaries

In this subsection, we will show that the direct product (2.4) is a
Coxeter groupoid if &; and &4 are Coxeter groupoids. We first introduce
the product of two Cartan schemes.

Lemma 4.1. For Cartan schemes Cy := C(Iy, Ap, {pe;itier,, {Cf taca,)
and root systems Ry = R(Co, {R}}) of Cp with £ = 1,2, define the
quadruple C and the pair R by

C:= C(Iv A7 {Pi}z’eh {Ca}aEA)a R := R(C’ {Ra}aEA)v (4'1)
(1) I=1LHUlI,
(2) A= A1 X AQ,

(3) Foriec I, the maps p; : A — A are given by

((a . (pl;i(a>,b) (ZGIl)
pille.t): {(a,pz;i(b)) (iel)

(4) For (a,b) € A,

clah) .= ( C(;f C(f ) and R .= R* LI RP.
2

Then, C is a Cartan scheme, and R is a root system of type C.
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We denote the Cartan scheme C and the root system R in the lemma
by C; x Co and R(C; x C3). Then, one can define the Coxeter groupoid

W(R(Cy x C2)) with R(Cy x Cs). Let {s%]i € I;, a € As} and {s\""]i €

Lul, a € Aj, be Ay} be the generators of W(Ry) and W(R(C1 xC2)).
Let W(R1) x W(Rz2) be the direct product (2.4) of W(R1) and W(Rz).

Proposition 4.1. The Cozeter groupoid W(R(C1 x Cq)) is isomorphic
to W(R1) x W(Rz2), and an isomorphism is given by the functor ¢ :
W(R(C1 x C2)) = W(R1) x W(Rz2) which sends

(a.) (s¢,1) (i€l)
' (1a,8Y) (i € Ip)

Hence, we have
ﬁW(R(Cl X Cg)) = ﬂW(Rl) X ﬁW(Rg) (4.2)

Next, we consider an operation to provide an involutive Coxeter
groupoid. Let W(R) be a not necessarily involutive Coxeter groupoid
with the root system R of type C, where C = C(I, A, {pi}icr, {C*}acA)
and R = R(C,{R%}4cAa)-

For the set A in the quadruple C, we set A= A UA_, where Ay are
copies of A, and denote a € A+ by +a. Define the bijection = : A — A
by (+a) := Fa. Then, we have

Lemma 4.2. For the above C and R, define the Cartan scheme C and
the root system R by

Ci=CL A {pi}ier, {CY e i), R i=R(C,{R" }aen), (4.3)
(1) pi(+a) :==*pi(a) (i €I, a € A),
(2) C*o:= % and R** := R® (a € A).

%

Then, the Cozeter groupoid W(R) is involutive.

Let W(R) UW(R) be the disjoint union (2.3) of the same Coxeter
groupoids W(R). One can easily show the following proposition:

9

Proposition 4.2. The Cozxeter groupoid W(R) is isomorphic to W(R)U
W(R), and an isomorphism is given by the functor which sends
a a a

sTOe (s, s (s9)2,
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where the subscript £ in (s}), indicates that s? is in the first (¢ = 1)
(resp. the second (£ = 2)) component of the disjoint union. Hence, we
have

EW(R) =2 x tW(R). (4.4)

Finally, we give three examples: (i) W(RWA) with RW34 given in

(2.13), (i) W(RW:4) with RW34 given in Lemma 4.2, (iii) the extension
We(RWi4) in the case where a = sls.

Example 4.1. Suppose that a = sly (of type A;). Then, the Weyl group
is given by W = {1, s}, where s is a unique simple reflection. The action
of W on the set A = {n1, 72} in (2.15) is given by s(n;) = n3—; (1 = 1,2).
The fact that $W(RWA) = W x #A = 4 implies fW(RW4) = 8 and
ﬁWe(fQW;A) = 16. We arrange the elements of these groupoids in a way
similar to (2.9):

(1) W(RW:A):
(4.5)
(2) W(RW:A):
o n2 - N2
mo| 1y 8™
ng | sT 1, (4.6)
_771 ]_77]1 57772
-2 S—"]l 1_7]2

where the blanks mean the corresponding Hom-sets are empty.

(3) We(RW:A):

m "2 - —2
m | 1,  sP e g
79 s ]_772 tTM2g™M 172 (4.7)
—m tmn £ g2 1, s 2
—ng | t"2s™M 12 s M 1,

Remark that the above W(?v%W?A) is isomorphic to the groupoid 27
given in Example 2.1 for g = s[(2,1). In the following subsection, we
consider similar isomorphisms for general basic classical Lie superalge-
bras.
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4.2. Explicit description

For the basic classical Lie superalgebra g of type X (m,n), we denote
the groupoid part 20 defined in (2.5) by 20X For the simple Lie
algebra a of type X,,, we also denote the Cartan scheme C"i4 and the
root system RV given in (2.13), (2.15) and (2.16) by CX= and RXm
respectively.

Theorem 4.1. The groupoid part 20X (m:n) s isomorphic to the exten-
ston of the following involutive Cozeter groupoid:

1) Case g = A(m,n): QAN ~ We(R(CA x CA)),

BOmn) & We(R(CBm x €O)),

3

(1) (
(2) Case g = B(m,n
(3) Case g = C

(

):
C(m,n): WEM ~ We(R(CC-1)),
):

4) Case g = D(m,n): WP ~ We(R(CPm x COn)).

In the case of g = A(m,0), R(CAm xCAn) should be regarded as R(CAm).

Proof. At first, we will prove the theorem in the case where g = A(m,n).
By Lemma 3.1 and Theorem 3.1, we may prove that there exists an
isomorphism

B : WR(CA™ x CA)) — WA i Ay, (4.8)

where WA denotes the Weyl group of g.

Let a be the simple Lie algebra of type A,, and W4 its Weyl group.
We consider Ipy4pnt1:={1,2,--- ,m+n+1} and I,, := {1,2,--- ,n} as
the index sets of the simple roots of g and a respectively. To distinguish
notation for g (resp. a), the kth simple root by ay (resp. fi) and the
kth simple reflection by 7 (resp. si). Here, we use the following data
on the root system of g.

(1)
€ — €kt (1<k<m)
= { €nt1 — 01 (k:m—{—l) ,
Ok—m—1—0k—m (M+2<k<m+n+1)
where {€;,6;]1 <i<m+1, 1 <j<n+1}is an orthogonal base
satisfying (€;,€;) = 1 and (6;,0;) = —1.

(2) Aigo={H(ei— )1 <i<m+1,1<j<n+1},
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(3) WA is generated by {ri|k € Inyne1 \ {m + 1}}, and
WAmmR) ~ A s An (4.9)

(4) Ao = AT U (A7) : the orbits with respect to the action of

Recall that W4» acts on the set {ny,--- , 7,41} as in (2.15). Put

Im,n = Iy U Iy, Am,n = {7717 T a77m+1} X {7717 T an’n+1}'

Let us consider a natural action of W4m x W4» on the set Amn. By
abuse of notation, for each k € I,,, ,,, we define the reflection s € WAn %
WA by
o {(sk, tn) (k€ 1n).
(I, sx) (k€ly)

where 1,, denotes the unit of W4».
Let ¢ : WA x WA» — WAMN) be the inverse of the isomorphism
(4.9). We may suppose that ¢ is given by

Tk kel
Tmii+k (k€ In)
The following lemma is a key of our proof.

Lemma 4.3. Define the bijection ¢ : Amn — AL by

180

d((ni,mj)) == € — ;. (4.10)

Then, ¢ commutes with the action of WA x WA namely,

o(z.(ni,n5)) = ¢(x)-0((ni,m;))
holds for any x € WA x WA and (n;,m;) € Amn.

By means of the correspondence (4.10), we define the isomorphism ®
in (4.8) by
O (s ")) = (), £(er — 67)]-
In fact, one can directly check that ® is a homomorphism of groupoid.
Since {[¢(sk), £(€; — 6;)]|k € Imn, (6; — 6;) € Amn generate W x Ajgo,
® is surjective. Moreover, (2.14), (4.2) and (4.4) imply

EW(R(CA™ x CA)) =2 x (m + DI(m 4 1) x (n+ D(n + 1).
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The right hand side equals to ﬁ(WA(m’") X Ajgo), since Ao = 2(m +
1)(n+1). Hence, @ is bijective. We have proved the theorem for A(m,n).

Next, we consider the case of B(m,n). It is enough to show that there
exists an isomorphism

® : W(R(CBm x On)) — WBm™ o A, (4.11)

where WB(™") denotes the Weyl group of B(m,n).

Let WPBm and W be the Weyl groups of the Lie algebras of type
By, and C, respectively. Let us recall the following description on the
simple roots and the Weyl group of B(m,n).

(1)

O — Op+1 (1<k<n-1)
op — €1 (k=mn)

ap = )
€hen — €k—nt1 MF+1<k<m+n-—1)

where {¢;,0;]1 <i<m, 1 <j <n} is an orthogonal base satisfy-
ing (5]',5]') =1 and (6,’,61') =—1.

(2) Ao = {0’16i + O'Q(Sj’i €ln,j€l,, 01,09 € {ﬂ:}},

(3) WB(mn) is generated by the real reflections {r;|k # n} U {rss, },
and
WBmn) ~ yyBm o PyCn, (4.12)

(4) WEBmn) acts on Ay, transitively.

Let {sk}rer,, and {si}rer, be the generators of the Coxeter groups
WBm and W . They act on the sets {£n;}icr,, and {£n;}jer, given
in (2.16). Put

Im,n = Iy, U, Am,n = {:l:’l’]l, tr 7j:77m} X {:l:nla T 7:l:77n}-

Let ¢ : WBmn) _ 1Bm « W be the inverse of the isomorphism
(4.12). Unlike the case of A(m,n), WE™") transitively acts on Ajgo,
and the following lemma holds:

Lemma 4.4. Define the bijection ¢ : Apn — Aiso by
o((o1mi, 02m;)) = o16i + 0205 (01,02 € {£})

Then, ¢ commutes with the action of WBm x WEn
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One can prove that ® is an isomorphism by arguments similar to the
case of A(m,n). Now, we have proved the theorem for B(m,n).

In the cases where g = C(n) (resp. D(m,n)), the theorem can be
shown in ways similar to A(m,n) (resp. B(m,n)), since Ajs, consists of
two orbits £A (resp. one orbit Aj,) with respect to the action of the

180

Weyl group. O

Remark 4.1. The structure of 20X(™7) ig related to the Weyl group
WX(mn) and the orbits of Ajso with respect to the action of WwX(mn),

’ X(m,n) ‘ WX mn) ‘ Orbits ‘
A(m,n) | WA x WA [ £AT
B(m,n

)

) WBm X WC" Aiso
WCn—1 +AT

1S0

D(m,n) | WPm x W | Ay,

5. Generalized Verma modules and the groupoid 2

Here, we discuss a relation between certain generalized Verma mod-
ules over s((2,1) with atypical highest weight and the groupoid 20410,
For basics in the representation theory of Lie superalgebras needed in
this and the next sections, the reader can consult [8] and [10].

5.1. Definition of generalized Verma modules

For simplicity, we set g := sl(2,1). Let W = {1,r} be the Weyl group
of g, where r denotes a (unique) even reflection. Let ¥ be one of the
bases 1l (k = 0,1,2) of g given in (A.1). We define the triangular
decomposition of g associated with X as follows:

s=gtobogy, o= o,
'yGAjEE

where A% = AN szt (Q§ = izwez Z>o7), and g7 denotes a root
subspace of g. Let px; € h* be the Weyl vector associated with X, which
satisfies (ps,7) = 5(7,7) (v € B).

For later use, we introduce notation. Let by := gJEr @ b be the Borel
subalgebra associated with ¥ and My (A) the Verma module with highest
weight A € h*. We denote a highest weight vector of Mx(A) by 12. Let
Lx:(A) be the irreducible quotient of Mx(A).
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We are interested in the structure of the generalized Verma modules
defined below. For 3 and an isotropic odd root 7 € 35, define a parabolic
subalgebra by pyx., := by @ Cf,, where f; € g~7 denotes a root vec-
tor. For A € h* such that (A,7) = 0, let (Clgﬁ be the 1-dimensional

py.-module defined by g%l%w = {0}, h.ljz\;T = A(h)lgﬁ (h € b) and
lejz\:;r = 0. Let U(g) be the enveloping algebra of g. We define a
generalized Verma module Ny.(A;7) as follows:

Definition 5.1. Ny(A;7) := U(g) ®u(py.,) Cl/E\;T‘
It should be noted that f,1% is a singular vector of My(A) and
Ns(As7) = My (A)/U(g) f-15. (5.1)
Let r; be the odd reflection defined by 7, and set ¥/ := r.(X).
Proposition 5.1. There exists an isomorphism of g-modules:
Nx(A;7) = Ny (A; —7). (5.2)

Proof. Since ¥ U {7} = ¥/ U {—7} by Lemma 3.3 in [10], we have
ps.r = pyv.—r and hence, there exists the isomorphism which sends 1%;7
to 1%,,_T. O

For other fundamental properties of Nx(A;7), see [10].

5.2. Action of the groupoid 2J

In [9], Sergeev and Veselov introduced an action of the super Weyl
groupoid on h*, and show that the representation rings for basic classi-
cal Lie superalgebras can be regarded as invariants with respect to the
action. Here we consider the restriction of their action to the groupoid
part 2.

For a € Ajso, define the subspace b, of h* by

ba :={A € b7|(A, a) =0}, (5.3)

and consider the union (J,ea,  ba C b*. Remark that b7, = b*,. Let us
introduce the action of 20U on the union as follows: For each a € Ajq,,
we define the maps (w, L)), (W, tw(@w)) : ba — Bro() BY

('LU, lw(a))()‘) = w()‘)a (wa tw(a))()‘) = ’LU()\ + Oé), (54)
where A € b’. Then, we have

ba by (5.4)-

Lemma 5.1. The groupoid 20 acts on the union |J,ca

iso
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5.3. Embedding diagrams of Nx(A;7)

For v € Ajs, let us consider
{33 € QHA(LO”dom(:E) = V} = {(17 11/)7 (17 t,,)(?“, 17’(1/))7 (Ta tr(u))}a

where dom(x) denotes the domain of z € 20419, Tt is a column of the
super Weyl groupoid 95419 in Example 2.1. Here, we will show that
each column is related to the embeddings of generalized Verma modules
given in Theorem A.1 and Remark A.1.

For any o € Ajs, there uniquely exists a base 3 containing o. We de-
note it by X[o]. For z € Homgy(o, 7) and an atypical integrable highest
weight A € b (see (A.3)), set

Nfz] := Ny (x(A + psio) = psir); ),
where z(A + px,) is given by the action (5.4). Then, we have

Proposition 5.2. There exists following diagram of generalized Verma
modules:

N[(?‘, 17‘(1/))] — N[(Tv tr(u))]

Proof. We use the notations in Section A. Since Ajs, = {2, 1, B2, 71},
the vertical arrows correspond to the embeddings given in Theorem A.1
and Remark A.1. Let us look at the horizontal isomorphisms. For each
we W ={1,r}, we have

N{(w, Lyw))] = Niw) (WA + prp) — prijwe)); @),
N{(w, )] = Nij—w)) (WA + prap) + V) = pr—we); —w(@)).

Since H[_w(y)] = Tw(u)(H[w(y)]) and Pl[—w(v)] = Phw(v)] + ’LU(I/), we
have

w(A + prp)) — Pifw)) = WA + prp) + V) — P w(v))-

Hence, N[(w, 1,(,))] = N[(w,ty())] by Proposition 5.1. O
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A. Structure of Nx(A;7) with atypical highest weight

In this appendix, we will describe the structure of generalized Verma
modules Ny (A;7) whose irreducible quotients are atypical integrable
representations. For ordinary Verma modules over s[(2, 1), the complete
description of the structure is provided in [7].

In the case of sl(2,1), there are three conjugacy class of bases with
respect to the action of the Weyl group W and the representatives IIj
(k = 0,1,2) are obtained form the standard base {a;}i=12 by odd re-
flections. Here, we denote the standard and the other two bases by
Hg = {ai}i:LQ, H1 = {BZ'}Z':LQ and H2 = {’yi}izlyg. They COI‘I'eSpOIld to
the Dynkin diagrams:

a1 a2 Tay P10 P2 g M 2
O-Q® & - = ®-0 (A.1)
"By Tv1
and these roots satisfy 51 = a1 + a9, B2 = —ag and v1 = —a1 — a9,

Y2 = aq.

Here, we use the notation in Section 2.2. We may choose the coroots
vV = 1 (v) for v € A. For each = € {a, 3,7}, the Cartan matrices
((z)',2))i,j=1.2 are given by

HO:(_21 _01>, H1:<(1) é) H2:<_01 _21> (A.2)

Let {eg;, fz;,hli € {1,2},h € b} be the Chevalley generators with
commutation relations [es,, fz;] = i), [h,ex,] = zi(h)ew,, [h, fo,] =
—x;(h) fy;. Further, let {A;, }i=12 be the fundamental weights with re-
spect to I, i.e., they satisfy A,, (xjv) = 0; ;. These weights are explicitly
given by

{ Aal = —Q9 { Aﬁl = /82 { A’Yl — —271 — ny
Aa2 = —Qa1 — 20(2 ABQ = ﬁla ’ A'YQ =N ’
and the Weyl vectors are prj, = —a2, pr;, = 0 and pr, = —71.

We are interested in highest weight A such that Ly (A) is an atypical
integrable module. Such highest weights are given by

Iy : A= mAal,mAal — (m + 1)Aa2 (m S Z20)7

I : A= mA,Bla mA52 (m S Zzo), (A3)
H2 A= mAW, — (m + 1)A'Yl + TTLAW,2 (m € ZZO)'
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Here, we concentrate on the cases of mA,, and mA.,, since

Ly (mAa, — (m+1)Aa,) > L, ((m + 1)Ag,) ~ L, ((m 4 1)A,,),
LHQ(_(m + 1)A"/1 + mAWz) = LHI((m + 1)A51) = LHO((m + 1)Aa1)'

Theorem A.l. There exist the following short exact sequences of g-
modules:

0 — N, (r(mAa, + priy) — piny; r(az))
— N, (mAa,; a2) = L, (mAq,) — 0,

0 = N, (r(mAy, + pri,) — prys (1))
— N, (mAy,;v1) = L, (mA,,) — 0.

Remark A.1. Combining Theorem A.1 with Proposition 5.1, we have

0— NH2(T(mA51 + pry) — pripiT(B2))
— ]\71-[1 (mABI,Bg) — LH1 (mAgl) — 0,
0— NHO(T (mAﬁz + pH1) — Pl T,B(Bl))
— an (mAﬁzv 51) — Ll‘h (mA52) — 0.

Proof of Theorem A.1. We show the theorem for A = mA,,. Let us look

at the structure of N, (A;a2). For a := aq + ag, set eq := [eay; €ayl;
fo = [fars fas)- Then, we have [ea,fa] = . Since meIﬁO o, 152

singular vector with respect to gHO, there exists a homomorphism
A Do
¢ Mgy (A — (m + Dar) = Nigg(Asan) - (1, "% o 1 o).
In order to describe the kernel of ¢, we introduce an auxiliary module
— A_
MHO (A - (m + 1)(11) = MHO (A - (m + 1)a1)/U(g)fafa2 11‘[0 (m+1)al'

By (fafaz)fm+1 fa(fm+1fa2 _(m+1) orﬁfa) faferlfaza we have
(fafw)fgﬁllﬁo .o, = 0, and thus, the map ¢ induces

¢ : My, (A — (m + 1)a1) — Niiy(A; az).

The odd reflection 74, gives the following isomorphism:

Lemma A.1. My, (A — (m+ 1)a;) ~ N, (A — (m + 1)a; — az; a).
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Proof. Since (A — (m + 1)aq, a2) # 0, we have

My, (A = (m + 1o — ag) ~ M, (A — (m + 1))

(lA—(m+1)a1—a2

A—(m+1
m = fan Ly D,

0
Moreover, since (A — (m + 1)a; — a2, @) = 0, we obtain
N, (A — (m+ 1)ag — ag;«)
~ M, (A = (m + Do - a2)/U(g)faly, "™,
By combining these isomorphisms, the lemma is proved. O
Lemma A.2. The map ¢ : N, (A — (m+ 1)ag — az;a) — Ny (A; ao)
18 1njective.

Proof. We choose C-bases of Nt (A; az) and Nip, (A—(m+1)ag —as; «)

. k plqA k1 A—(m+1)a;—as
as follows: {f"‘lf"‘lno?o%}kezzo,le{o,l}’ a1 €as 1 e }kezzo,ze{o,l}' By
faz 21+1 = f£+1fa2 - (m + 1)f£fa7 we have
TrqA—(m+1)a1— 14A A
d)(ll'h;flm Joa QZ) = fa2f$+ 1H0;a2 = 7(m+ 1)f£falﬂo;az’
and thus,
&( el 1A—(m+1)a1—a2) _ _(m + 1)fcly€jmfa11[}[0;a2 (l = O)
ai a2 1y, - )
1rez e (m+1)fermriag 0 (1=1)
since [eqy, fa] = —fa;- The vectors in the right-hand side are linearly
independent, and hence, ¢ is injective. ]

One can directly check that the cokernel of the map ¢ is irreducible.
Therefore, Theorem A.1 for A = mA,, holds. O

Remark A.2. Motivated by the representation theory of the N = 2
superconformal algebra, Semikhatov and Taormina gave the BGG res-
olutions of atypical representations over the 5A[(2, 1) via certain Verma
type modules called narrow Verma modules in [11]. A narrow Verma
module is isomorphic to Nx(A;7) by choosing an appropriate parabolic
subalgebra py., of 5[(2,1) (see [6]). One of the s[(2,1)-counterparts of
narrow Verma modules is
Mitg (A = (m + 1)) /U(9)eas fafor i, 70" (A = mAa,)

0

and it is isomorphic to N, (A — (m + 1)ay — ae; ) by Lemma A.1.
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