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1985 Bruce Tieman

Paul Klimek Michael Day

· · · 3333 · · · 1

3 51 40

[2, 3, 6, 7]

3333 4

1 3 3 + 3 + 3 + 3

423 3 42 + 3 42 3

prime [3, 6] b

h MP (b, h)

MP (b, h) b ≤ 2 b ≥ 3

h [1, 6]

MP (b, h) 2(h− 1) ≤ MP (b, h)

b = 3 MP (3, h)

h → ∞ MP (3, h) 3
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i ∈ Z ai

{ai}i∈Z i

ai = 0 ai i

ai- a = {ai}i∈Z p

i ∈ Z ai+p = ai a

a = {ai}0≤i<p = a0a1 · · · ap−1 {ai}0≤i<p = a0, a1, · · · , ap−1

33 3, 3

2.1 (1) a = {ai}i∈Z f(i) := i + ai

f : Z → Z
(2) a = {ai}0≤i<p p f(i) := i+ai mod p

f : Zp → Zp Zp := Z/pZ = {0, 1, 2, · · · , p − 1}
p

2.2 · · · 3333 · · ·
3, 33, 333

51, 15, 5151 40, 04, 4040

p a = {ai}0≤i<p k a′ = {ai+k mod p}0≤i<p

2.3 p a = {ai}0≤i<p

b = (a0 + a1 + · · ·+ ap−1)/p

2.4 3

333, 423, 441, 504, 522, 531, 603, 612, 630, 711, 720, 801, 900 13

2.2

5 4

1,3,4 2,5
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10110 1

2 3

2- 3- 1,4,5

4- 01110

0-

11100

10110
4−→ 01110

0−→ 11100

4: 10110

2.5 b, h (0 ≤ b ≤ h, h ≥ 1) b h

Γ(b, h) = (V,E) V E

k k-

1. V = {s = s1s2 · · · sh ∈ {0, 1}h | s1 + s2 + · · ·+ sh = b}
2. s = s1s2 · · · sh, s′ = s′1s

′
2 · · · s′h ∈ V (s, s′) ∈ E ⇔ 0 ≤ k ≤ h

(1) k = 0 si+1 = s′i (1 ≤ i ≤ h− 1), s1 = s′h = 0,

(2) k ̸= 0 si+1 = s′i (1 ≤ i ≤ h− 1, i ̸= k), s1 = s′k = 1, sk+1 = 0 or k = h

(s, s′) k s
k−→ s′

2.6 5 3 5 Γ(3, 5)

[6, 2.8.5 ]

2.7 (1) b ≤ h′ < h Γ(b, h) V ′ = {s = s1 · · · sh′0 · · · 0 ∈ {0, 1}h | s1+
· · ·+ sh′ = b} Γ(b, h′) Γ(b, h′) ⊂ Γ(b, h)

(2) Γ(h− b, h) Γ(b, h)

(1) (2) MP (b, h) 1 0

10011 ↔ 00110 k h− k
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0
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2

3

4

51

1110001110

01101
10011

0101111001

10110

00111 11010

10101

5: Γ(3, 5)

b h

Γ(b, h) Γ(b, h)

2.8 a = a0a1 · · · ap−1

prime

2.9 3 55150440 Γ(3, 5) 551 504 40

10110 55140 504

40551504 = 40551 + 504

3

b h MP (b, h)

Γ(b, h)

MP (b, h) ≤
(
h
b

)

b ≥ 1 1 · · · 10 · · · 0 h- 0- h

h · · ·h0 · · · 0 h

h ≤ MP (b, h)

h ≤ MP (b, h) ≤
(
h

b

)
(1)
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2.7 (1) MP (b, h) h 2.7 (2)

MP (b, h) = MP (h− b, h) MP (b, h) h ≥ 2b

(1)

[6, 2.8.4 ]

3.1 b, h (2 ≤ b ≤ h− 2)

N(b, h) =
1

h

∑
d|gcd(b,h)

ϕ(d)

(
h/d

b/d

)

ϕ(d) := ♯{1 ≤ k ≤ d | gcd(k, d) = 1} (b, h) ̸= (2, 4)

2(h− 1) ≤ MP (b, h) ≤
(
h

b

)
−N(b, h) (2)

2 ≤ b ≤ h− 2 Γ(b, h)

MP (b, h)

[1, 6]

3.2 (1) MP (0, h) = 1, MP (1, h) = h

(2) b = 2 h ≥ 4

MP (2, h) =

(
h

2

)
−N(2, h) =

{
1
2
h(h− 2) h : even

1
2
(h− 1)2 h : odd

(3) b = 3, 4

1: MP (b, h)

b\h 6 7 8 9 10 11 12 13 14 15 16 17

3 15 30 49 74 108 149 200 263 337 424 524 639

4 12 30 58 112 188 300

3 MP (3, h) 3.1 b = 3 h ≥ 5

2(h− 1) ≤ MP (3, h) ≤

{
1
6
(h− 1)2(h− 2) h ̸≡ 0 mod 3

1
6
(h− 3)(h2 − h+ 2) h ≡ 0 mod 3

(3)

1 h ≤ 17 MP (3, h) (3) 1

2(h− 1) h MP (3, h)

MP (3, h)
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3.3 h ≥ 3 Γ(3, h) Γ(2, h− 1)

Γ(2, h−1) 110 · · · 0 1 11

Γ(2, 4) 1100
3−→ 1010 1 11 11100

44−→ 10110

Γ(3, 5) 11 11

1100
2−→ 1100 11100

33−→ 11100 11100
3−→ 11100

Γ(2, h− 1) Γ(3, h)

3.3 MP (3, h) ≥ MP (2, h − 1) h ≥ 5

3.2 (2) h = 3, 4

3.4 h ≥ 3

MP (3, h) ≥

{
1
2
(h− 1)(h− 3) h : odd

1
2
(h− 2)2 h : even

(4)

Γ(3, h)

k a k · · · k
ka a = a0a1 · · · ap−1 l(a) = p

Γ(8, 12) 111110000111 150413 l(150413) = 12 Γ(b, h)

s1 = s11s12 · · · s1h ∈ V

0- h- h

s1
k1−→ s2

k2−→ · · · kh−1−→ sh
kh−→ s1

ki s1i = 1 h s1i = 0 0 h

s1
a1−→ s2

a2−→ · · · am−1−→ sm
am−→ s1 (ai h 0 ) sm

am−→ s1

C : s1
a1−→ s2

a2−→ · · · am−1−→ sm

C = {s1
a1−→ s2

a2−→ · · · am−1−→ sm}
am−→

C l(C) = l(a1) + · · ·+ l(am−1) = h− l(am)

Step 1 h ≥ 5 1 ≤ i ≤ h− 4 Ci

Ci := {10h−3−i110i
h0h−3−i

−→ 110i10h−3−i h−→ 10i10h−3−i1} h0i−→
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Ci l(Ci) = h− 1− i Ci

L := 1110h−3 hh1−→ C1
(h−2)0−→ C2

(h−2)02−→ C3
(h−2)03−→ · · · (h−2)0h−5

−→ Ch−4
(h−2)0h−4

−→ 1110h−3

Ci
(h−2)0i−→ (h− 1− i) + (i + 1) = h

l(L) = 3 + h(h− 4) = h2 − 4h+ 3

3.5 h ≥ 5

MP (3, h) ≥ h2 − 4h+ 3 (5)

Step 2 h ≥ 9 D0, Di, D
′
i (1 ≤ i ≤ [h−7

2
])

D0 := {101010h−5 h0−→ 1010h−510
h0−→ 10h−51010} h0h−5

−→

Di := {10i+11010h−5−i h0i+1

−→ 1010h−5−i10i+1 h0−→ 10h−5−i10i+110} h0h−5−i

−→

D′
i := {1010i+110h−5−i h0−→ 10i+110h−5−i10

h0i+1

−→ 10h−5−i1010i+1} h0h−5−i

−→

D0, Di, D′
i l(Di) = l(D′

i) = i + 4

Di, D
′
i

D := D0
(h−7)0h−8

−→ D1
(h−7)0h−8

−→ D′
1

(h−9)0h−10

−→ D2
(h−8)0h−9

−→ D′
2

(h−11)0h−12

−→ · · ·


300−→ Dh
2
−4

(h
2
−2)0

h
2 −3

−→ D′
h
2
−4

h: even

20−→ Dh−7
2

h−5
2

0
h−7
2

−→ D′
h−7
2

h: odd

D l(D) = 4 +
∑[h−7

2
]

i=1 ({(h− 5− 2i) + (i+ 4)}+ {(h− 6− i) + (i+ 4)}) h

l(D) = 7
8
h2 − 31

4
h+ 10 h l(D) = 7

8
h2 − 7h+ 81

8

Step 1 L Ch−4 L0

L0 : {1110h−3 hh1−→ C1
(h−2)0−→ C2

(h−2)02−→ C3
(h−2)03−→ · · · (h−2)0h−5

−→ Ch−4}
(h−2)0h−4

−→

L0 l(L0) = h2 − 5h+ 6 L0 D M

M : L0
(h−5)0h−6

−→ D




1−→ 10
h
2
−21010

h
2
−2

h
2
0
h
2 −2

−→ 1110h−3 h: even
h+1
2

0
h−3
2

−→ 1110h−3 h: odd

M l(M) = l(L0) + (h− 5) + l(D) +

{
h
2

h: even

h−1
2

h: odd
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3.6 h ≥ 9

MP (3, h) ≥

{
15
8
h2 − 45

4
h+ 11 h: even

15
8
h2 − 21

2
h+ 85

8
h: odd

(6)

Step 3 h ≥ 12 1 ≤ j ≤ [h
3
]−3, 1 ≤ i ≤ [h−7−3j

2
] Ej,0, Ej,i, E

′
j,i

Ej,0 := {10j+110j+110h−5−2j h0j+1h0j+1

−→ 10h−5−2j10j+110j+1} h0h−5−2j

−→

Ej,i := {10j+1+i10j+110h−5−2j−i h0j+1+ih0j+1

−→ 10h−5−2j−i10j+1+i10j+1} h0h−5−2j−i

−→

E ′
j,i := {10j+110j+1+i10h−5−2j−i h0j+1h0j+1+i

−→ 10h−5−2j−i10j+110j+1+i} h0h−5−2j−i

−→

j Ej,i, E
′
j,i Ej

Ej : Ej,0
(h−3j−7)0h−3j−8

−→ Ej,1
(h−3j−7)0h−3j−8

−→ E ′
j,1

(h−3j−9)0h−3j−10

−→ Ej,2 −→ E ′
j,2 −→

· · · (h−3j−5−2i)0h−3j−6−2i

−→ Ej,i
(h−3j−6−i)0h−3j−7−i

−→ E ′
j,i −→ · · · −→ Ej,m −→ E ′

j,m

m = [h−7−3j
2

] Ej

l(Ej) = 2j + 4 +
∑m

i=1{2(2j + 3 + i) + (h− 3j − 6− i) + (h− 3j − 5− 2i)}
= 2j + 4 +m(2h− 2j − 5)− 1

2
m(m+ 1)

> 2j + 4 + h−8−3j
2

(2h− 2j − 5)− 1
2
· h−7−3j

2
· h−5−3j

2

= 7
8
h2 − 13

4
jh+ 15

8
j2 − 9h+ 13j + 157

8

Step 2 D Dj
(h−6−j)0h−7−j

−→ D′
j Ej

Dj
(h−6−2j)0h−7−2j

−→ Ej
(h−6−2j−m)0h−7−2j−m

−→ D′
j

∆j

∆j = l(Ej) + h− 6− 3j −m

>
(
7
8
h2 − 13

4
jh+ 15

8
j2 − 9h+ 13j + 157

8

)
+ h− 6− 3j − h−7−3j

2

= 7
8
h2 − 13

4
jh+ 15

8
j2 − 17

2
h+ 23

2
j + 137

8

Step 2 M j Ej N

N : L0 −→ D0 −→ D1 −→ E1 −→ D′
1 −→ · · · −→ Dn −→ En −→ D′

n

−→ Dn+1 −→ D′
n+1 −→ · · · −→ D[h−7

2
] −→ D′

[h−7
2

]
−→ 1110h−3
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n = [h
3
]− 3 N

l(N) = l(M) +
∑n

j=1 ∆j

>
(
15
8
h2 − 45

4
h+ 11

)
+
∑n

j=1

(
7
8
h2 − 13

4
jh+ 15

8
j2 − 17

2
h+ 23

2
j + 137

8

)

=
(
15
8
h2 − 45

4
h+ 11

)
+
(
7
8
h2 − 17

2
h+ 137

8

)
n−

(
13
4
h− 23

2

)
1
2
n(n+ 1)

+15
8
· 1
6
n(n+ 1)(2n+ 1)

>
(
15
8
h2 − 45

4
h+ 11

)
+
(
7
8
h2 − 17

2
h+ 137

8

)
· h−11

3
−

(
13
4
h− 23

2

)
1
2
· h−9

3
· h−6

3

+15
8
· 1
6
· h−11

3
· h−8

3
· 2h−19

3

= 29
216

h3 − 71
48
h2 + 1801

144
h− 7915

216

3.7 h ≥ 12

MP (3, h) >
29

216
h3 − 71

48
h2 +

1801

144
h− 7915

216
(7)

(3) (7) MP (3, h)

3.8 h → ∞ MP (3, h) = O(h3)

3.9 (7) (3) (7)

1 lim
h→∞

MP (3, h)

h3
=

1

6
3.8

h → ∞ MP (b, h) = O(hb)
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