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2.4. 2.1 M0 = {(h1, d1), (h2, d2), (h3, d3), (h4, d4)}

2.5. M h

PM (h) d PM (d)

2.5. 2.4 M0 PM0(h1) = d1, PM0(d2) = h2

2.6. M 3 (i),(ii),(iii) (h, d)

M

(i) (h, d) ̸∈ M, (ii) d <h PM (h), (iii) h <d PM (d).

2.6. 2.1 M0

(h4, d1) /∈ M0, d1 <h4 d4 = PM0(h4), h4 <d1 h1 = PM0(d1)

(h4, d1) M0

2.7.

2.7. 2.6 M0 = {(h1, d1), (h2, d2), (h3, d3), (h4, d4)} (h4, d1)

M1 = {(h1, d1), (h2, d4), (h3, d2), (h4, d3)}

2.8. H D (H ∩D = ∅, |H| = |D| = n)

I H D L 3 I = (H,D,L)

2.9. I M(I)

2.8. 2.1 I M(I) = {M1,M2,M3}

M1 = {(h1, d1), (h2, d4), (h3, d2), (h4, d3)},

M2 = {(h1, d1), (h2, d2), (h3, d4), (h4, d3)},

M3 = {(h1, d4), (h2, d2), (h3, d3), (h4, d1)}

f(n)

f(3) = 3, f(4) = 10

2

2.1. n H = {h1, h2, · · · , hn} n

D = {d1, d2, · · · , dn} 1

2.1.

h1 : d2 d3 d1 d4 d1 : h4 h1 h3 h2

h2 : d4 d1 d2 d3 d2 : h2 h3 h4 h1

h3 : d2 d4 d3 d1 d3 : h3 h2 h4 h1

h4 : d3 d1 d4 d2 d4 : h1 h4 h3 h2

h1 d2, d3, d1, d4 d4

h1, h4, h3, h2

2.2. h d rankh(d) d

h rankd(h)

2.2. 2.1 rankh2(d1) = 2, rankd3(h1) = 4

2.3. h, h′ ∈ H, d, d′ ∈ D rankh(d) < rankh(d
′) d <h d′

rankd(h) < rankd(h
′) h <d h′

2.3. 2.1 rankh1(d3) = 2, rankh1(d4) = 4 d3 <h1 d4

rankd2(h2) = 1, rankd2(h4) = 3 h2 <d2 h4

2.4. H 1 D 1 hi (∈ H)

dj (∈ D) (hi, dj) H ×D

H ×D 2

n
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h1 : d2 d3 d1 d4 d1 : h4 h1 h3 h2

h2 : d4 d1 d2 d3 d2 : h2 h3 h4 h1

h3 : d2 d4 d3 d1 d3 : h3 h2 h4 h1

h4 : d3 d1 d4 d2 d4 : h1 h4 h3 h2

AH h1 (h1, d1), (h1, d2), (h1, d3), (h1, d4)

h1 d2, d3, d1, d4

h1

d1 d2 d3 d4

h1

h1

d1 d2 d3 d4

rankh1
(di) = rankh1

(dj) + 1 ((h1, di), (h1, dj))

((h, d), (h, d′)) (rankh(d) = rankh(d
′) + 1),

((h, d), (h′, d)) (rankd(h) = rankd(h
′) + 1)

3.1. H = {h1, h2, h3, h4} D = {d1, d2, d3, d4}

h1 : d2 d3 d1 d4 d1 : h4 h1 h3 h2

h2 : d4 d1 d2 d3 d2 : h2 h3 h4 h1

h3 : d2 d4 d3 d1 d3 : h3 h2 h4 h1

h4 : d3 d1 d4 d2 d4 : h1 h4 h3 h2

3

3.1

3.1. H, D V = H×D, A = AH∪AD

AH = {((h, d), (h, d′)) ∈ V × V | d′ <h d},

AD = {((h, d), (h′, d)) ∈ V × V | h′ <d h}

Γ = (V,A)

•
H = {h1, h2, · · · , hn}, D = {d1, d2, · · · , dn}

n2 n n h1, h2, · · · , hn

d1, d2, · · · , dn i j (hi, dj)

h1

h2

hn

d1 d2 dn

...
...

...

· · ·

· · ·

· · ·

•
H = {h1, h2, h3, h4} D = {d1, d2, d3, d4}
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h1 : d2 d3 d1 d4 d1 : h4 h1 h3 h2
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h4 : d3 d1 d4 d2 d4 : h1 h4 h3 h2
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′) + 1),

((h, d), (h′, d)) (rankd(h) = rankd(h
′) + 1)
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h3 : d2 d4 d3 d1 d3 : h3 h2 h4 h1

h4 : d3 d1 d4 d2 d4 : h1 h4 h3 h2

3

3.1

3.1. H, D V = H×D, A = AH∪AD
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n2 n n h1, h2, · · · , hn

d1, d2, · · · , dn i j (hi, dj)

h1

h2

hn

d1 d2 dn
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· · ·
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3.3. Γ = (V,A) W V

AW = {(s, t) ∈ A | s, t ∈ W} Γ ΓW = (W,AW ) W

Γ

W = V ΓW = Γ

3.3. 2.1 W = (H ×D) \ {(h1, d3), (h2, d1), (h3, d2), (h4, d4)}
ΓW

h1

h2

h3

h4

d1 d2 d3 d4

h1

h1

d1 d2 d4

h1 2

h1

d1 d2 d4

h1

h2

h3

h4

d1 d2 d3 d4

3.2. Γ = (V,A) (h, d) ∈ V 4

preH(h, d) = {(h, d′) ∈ V | d′ <h d}, sucH(h, d) = {(h, d′) ∈ V | d <h d′},

preD(h, d) = {(h′, d) ∈ V | h′ <d h}, sucD(h, d) = {(h′, d) ∈ V | h <d h′}.

3.2. 2.1 (h3, d4)

preH(h3, d4) = {(h3, d2)}, sucH(h3, d4) = {(h3, d1), (h3, d3)},

preD(h3, d4) = {(h1, d4), (h4, d4)}, sucD(h3, d4) = {(h2, d4)}

h1

h2

h3

h4

d1 d2 d3 d4
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3.3. Γ = (V,A) W V

AW = {(s, t) ∈ A | s, t ∈ W} Γ ΓW = (W,AW ) W

Γ

W = V ΓW = Γ

3.3. 2.1 W = (H ×D) \ {(h1, d3), (h2, d1), (h3, d2), (h4, d4)}
ΓW

h1

h2

h3

h4

d1 d2 d3 d4

h1

h1

d1 d2 d4

h1 2

h1

d1 d2 d4

h1

h2

h3

h4

d1 d2 d3 d4

3.2. Γ = (V,A) (h, d) ∈ V 4

preH(h, d) = {(h, d′) ∈ V | d′ <h d}, sucH(h, d) = {(h, d′) ∈ V | d <h d′},

preD(h, d) = {(h′, d) ∈ V | h′ <d h}, sucD(h, d) = {(h′, d) ∈ V | h <d h′}.

3.2. 2.1 (h3, d4)

preH(h3, d4) = {(h3, d2)}, sucH(h3, d4) = {(h3, d1), (h3, d3)},

preD(h3, d4) = {(h1, d4), (h4, d4)}, sucD(h3, d4) = {(h2, d4)}

h1

h2

h3

h4

d1 d2 d3 d4
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(h, d) (h′, d) (h, d) M

(h′, d) ̸∈ M (h′, d)

d <h′ PM (h′) (h, d) (h′, d) h′ <d h = PM (d)

(h′, d) M M (h, d) M

3.5. Γ = (V,A) ΓW = (W,AW )

Γ′ ΓW

W = V Γ′
W Γ′ Γ

0. W0 = W, i = 0

1. ΓWi Xi

2. (1) Xi ̸= ∅ Wi+1 = Wi \Xi i+ 1 i 1.

(2) Xi = ∅ Γ′
W = (Wi, AWi)

3.5. 2.1 Γ = (V,A)

W0 = V, i = 0

h1

h2

h3

h4

d1 d2 d3 d4

3.4. Γ = (V,A) ΓW = (W,AW )

(h, d) ∈ W

(1) preH(h, d) ∩W = ∅ (h, d) ΓW sucH(h, d) ∩W = ∅
(h, d) ΓW

(2) preD(h, d) ∩W = ∅ (h, d) ΓW sucD(h, d) ∩W = ∅
(h, d) ΓW

(3) (h, d) ΓW sucD(h, d) ∩W ΓW

(4) (h, d) ΓW sucH(h, d) ∩W ΓW

3.4. 2.1 (h1, d2), (h2, d4), (h3, d2), (h4, d3)

(h1, d4), (h2, d2), (h3, d3), (h4, d1)

h1

h2

h3

h4

d1 d2 d3 d4

(h4, d3) (h1, d3) (h3, d3)

(h3, d1)

3.1.
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(h, d) (h′, d) (h, d) M

(h′, d) ̸∈ M (h′, d)

d <h′ PM (h′) (h, d) (h′, d) h′ <d h = PM (d)

(h′, d) M M (h, d) M

3.5. Γ = (V,A) ΓW = (W,AW )

Γ′ ΓW

W = V Γ′
W Γ′ Γ

0. W0 = W, i = 0

1. ΓWi Xi

2. (1) Xi ̸= ∅ Wi+1 = Wi \Xi i+ 1 i 1.

(2) Xi = ∅ Γ′
W = (Wi, AWi)

3.5. 2.1 Γ = (V,A)

W0 = V, i = 0

h1

h2

h3

h4

d1 d2 d3 d4

3.4. Γ = (V,A) ΓW = (W,AW )

(h, d) ∈ W

(1) preH(h, d) ∩W = ∅ (h, d) ΓW sucH(h, d) ∩W = ∅
(h, d) ΓW

(2) preD(h, d) ∩W = ∅ (h, d) ΓW sucD(h, d) ∩W = ∅
(h, d) ΓW

(3) (h, d) ΓW sucD(h, d) ∩W ΓW

(4) (h, d) ΓW sucH(h, d) ∩W ΓW

3.4. 2.1 (h1, d2), (h2, d4), (h3, d2), (h4, d3)

(h1, d4), (h2, d2), (h3, d3), (h4, d1)

h1

h2

h3

h4

d1 d2 d3 d4

(h4, d3) (h1, d3) (h3, d3)

(h3, d1)

3.1.
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ΓW2

X2 = ∅ Γ′ = ΓW2 Γ

3.6. ΓW M(ΓW )

3.1. ([3]) Γ ΓW

M(Γ) = M(Γ′), M(ΓW ) = M(Γ′
W )

4

4.1

4.1. n f(n)

n n! f(n) ≤ n!

4.1. f(n) ≤ n! f(1) = 1, f(2) ≤ 2 2

h1 : d1 d2 d1 : h2 h1

h2 : d2 d1 d2 : h1 h2

2 M1 = {(h1, d1), (h2, d2)},M2 = {(h1, d2), (h2, d1)}
f(2) = 2

4.2. H = {h1, h2, · · · , hn} D = {d1, d2, · · · , dn} n

I 1 ≤ i, j ≤ n

Mi,j = {M ∈ M(I) | (hi, dj) ∈ M}

Hi = H \ {hi} Dj = D \ {dj} Ii,j

Γi,j Ii,j I

hi dj

ΓW0 (h1, d2), (h1, d3), (h4, d2)

(h2, d3), (h3, d1), (h4, d2), (h4, d4)

X0 = {(h1, d2), (h1, d3), (h2, d3), (h3, d1), (h4, d2), (h4, d4)}

X0 ̸= ∅ W1 = W0 \X0(= V \X0) ΓW1

h1

h2

h3

h4

d1 d2 d3 d4

ΓW1 (h2, d1)

X1 = {(h2, d1)}
X1 ̸= ∅ W2 = W1 \X1(= V \ (X0 ∪X1)) ΓW2

h1

h2

h3

h4

d1 d2 d3 d4
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4.3. 2.1 I M(I3,2) I3,2

h1 : d3 d1 d4 d1 : h4 h1 h2

h2 : d4 d1 d3 d3 : h2 h4 h1

h4 : d3 d1 d4 d4 : h1 h4 h2

h1

h2

h4

d1 d3 d4

I3,2 Ma = {(h1, d1), (h2, d4), (h4, d3)}, Mb = {(h1, d4), (h2, d3), (h4, d1)}
M(I3,2) = {Ma,Mb} |M(I3,2)| = 2 4.2 |M3,2| = 1

|M3,2| ≤ |M(I3,2)|

|Mi,j | = |M(Ii,j)|

4.3. f(n) ≤ nf(n− 1)

I f(n) n

Ii,j n− 1

|Mi,j | ≤ |M(Ii,j)| ≤ f(n− 1).

f(n) = |M(I)| =
n∑

j=1

|Mi,j | ≤
n∑

j=1

f(n− 1) = nf(n− 1)

4.2. 2.1 I 3

M1 = {(h1, d1), (h2, d4), (h3, d2), (h4, d3)},

M2 = {(h1, d1), (h2, d2), (h3, d4), (h4, d3)},

M3 = {(h1, d4), (h2, d2), (h3, d3), (h4, d1)}.

M1,1 = {M1,M2},M3,2 = {M1} I3,2

h1 : d3 d1 d4 d1 : h4 h1 h2

h2 : d4 d1 d3 d3 : h2 h4 h1

h4 : d3 d1 d4 d4 : h1 h4 h2

4.1.

(1) Mi,j ∩Mi,k = Mj,i ∩Mk,i = ∅ (j ̸= k)

(2) M(I) =

n∪
j=1

Mi,j =

n∪
j=1

Mj,i

(3) |M(I)| =
n∑

j=1

|Mi,j | =
n∑

j=1

|Mj,i|

4.1(3) I Mi,j

|Mi,j |

4.2.

(1) M ∈ Mi,j M ′ = M \ {(hi, dj)} M ′ ∈ M(Ii,j)

(2) |Mi,j | ≤ |M(Ii,j)|

(1) M M ′ M ′ (h, d)

(h, d) M M

M ′ M ′ ∈ M(Ii,j)

(2) (1) {M ′ | M ∈ Mi,j} ⊂ M(Ii,j) M1,M2 ∈ Mi,j ,M1 ̸= M2

M ′
1 ̸= M ′

2 |Mi,j | ≤ |M(Ii,j)|
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M(I3,2) = {Ma,Mb} |M(I3,2)| = 2 4.2 |M3,2| = 1

|M3,2| ≤ |M(I3,2)|

|Mi,j | = |M(Ii,j)|

4.3. f(n) ≤ nf(n− 1)

I f(n) n

Ii,j n− 1

|Mi,j | ≤ |M(Ii,j)| ≤ f(n− 1).

f(n) = |M(I)| =
n∑

j=1

|Mi,j | ≤
n∑

j=1

f(n− 1) = nf(n− 1)

4.2. 2.1 I 3

M1 = {(h1, d1), (h2, d4), (h3, d2), (h4, d3)},

M2 = {(h1, d1), (h2, d2), (h3, d4), (h4, d3)},

M3 = {(h1, d4), (h2, d2), (h3, d3), (h4, d1)}.

M1,1 = {M1,M2},M3,2 = {M1} I3,2

h1 : d3 d1 d4 d1 : h4 h1 h2

h2 : d4 d1 d3 d3 : h2 h4 h1

h4 : d3 d1 d4 d4 : h1 h4 h2

4.1.

(1) Mi,j ∩Mi,k = Mj,i ∩Mk,i = ∅ (j ̸= k)

(2) M(I) =

n∪
j=1

Mi,j =

n∪
j=1

Mj,i

(3) |M(I)| =
n∑

j=1

|Mi,j | =
n∑

j=1

|Mj,i|

4.1(3) I Mi,j

|Mi,j |

4.2.

(1) M ∈ Mi,j M ′ = M \ {(hi, dj)} M ′ ∈ M(Ii,j)

(2) |Mi,j | ≤ |M(Ii,j)|

(1) M M ′ M ′ (h, d)

(h, d) M M

M ′ M ′ ∈ M(Ii,j)

(2) (1) {M ′ | M ∈ Mi,j} ⊂ M(Ii,j) M1,M2 ∈ Mi,j ,M1 ̸= M2

M ′
1 ̸= M ′

2 |Mi,j | ≤ |M(Ii,j)|
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(2) M0 ∈ M(Ii,j) M0 ∩ Vi,j = ∅ M = M0 ∪ {(hi, dj)} M

(hi, dj) M (h, d) M0

Hi ×Dj (h, d) ̸∈ Hi ×Dj h = hi

d = dj

(i) h = hi

(h, d) (hi, dk) (k ̸= j) (hi, dk) M

hi <dk
PM (dk) = PM0(dk), dk <hi PM (hi) = dj

(PM0(dk), dk) ∈ V 1
i,j ⊂ Vi,j (PM0(dk), dk) ∈ M0 ∩ Vi,j

M0 ∩ Vi,j = ∅
(ii) d = dj

(h, d) (hk, dj) (k ̸= i) (hk, dj) M

hk <dj PM (dj) = hi, dj <hk
PM (hk) = PM0(hk)

(hk, PM0(hk)) ∈ V 2
i,j ⊂ Vi,j (hk, PM0(hk)) ∈ M0 ∩ Vi,j

M0 ∩ Vi,j = ∅
(i),(ii) M M ∈ Mi,j

4.4. Wi,j = (Hi ×Dj) \ Vi,j Ii,j Γi,j

(Γi,j)Wi,j Gi,j Gi,j G′
i,j

4.5. 2.1 I 4.3 I3,2

h1 : d3 d1 d4 d1 : h4 h1 h2

h2 : d4 d1 d3 d3 : h2 h4 h1

h4 : d3 d1 d4 d4 : h1 h4 h2

h1

h2

h4

d1 d3 d4

4.2 (1) Mi,j M(Ii,j)

Mi,j ∋ M �→ M ′ = M \ {(hi, dj)} ∈ M(Ii,j)

M0 ∈ M(Ii,j) M = M0∪{(hi, dj)}
M M ∈ Mi,j

4.3 Mb = {(h1, d4), (h2, d3), (h4, d1)} ∈ M(I3,2) M = Mb ∪ {(h3, d2)}
(h2, d2)

M = M0 ∪ {(hi, dj)}
M0 ∈ M(Ii,j) Hi×Dj M M

(hi, dk) (k ̸= j) (hk, dj) (k ̸= i) (hi, dk)

M dk <hi dj , hi <dk
PM (dk) = PM0(dk)

(hk, dj) M hk <dj hi, dj <hk
PM (hk) = PM0(hk)

M = M0 ∪ {(hi, dj)} Hi ×Dj

4.3. 1 ≤ i, j ≤ n V 1
i,j , V

2
i,j , Vi,j

V 1
i,j = {(h, d) ∈ Hi ×Dj | hi <d h, d <hi dj},

V 2
i,j = {(h, d) ∈ Hi ×Dj | h <dj hi, dj <h d},

Vi,j = V 1
i,j ∪ V 2

i,j .

4.4. 2.1 I V 1
3,2 = ∅, V 2

3,2 = {(h2, d3)} V3,2 = {(h2, d3)}

4.4.

(1) M ∈ Mi,j M ′ = M \ {(hi, dj)} M ′ ∩ Vi,j = ∅
(2) M0 ∈ M(Ii,j) M0 ∩ Vi,j = ∅ M = M0 ∪ {(hi, dj)} ∈ Mi,j

(1) M ′ ∩ V 1
i,j ̸= ∅

(h, d) ∈ M ′ ∩ V 1
i,j ⊂ M ∩ V 1

i,j hi <d h = PM (d), d <hi dj = PM (hi)

(hi, d) M M

M ′ ∩ V 1
i,j = ∅

M ′ ∩ V 2
i,j = ∅ M ′ ∩ Vi,j = ∅

 福井大学教育地域科学部紀要（自然科学　数学編），4，2013 94



(2) M0 ∈ M(Ii,j) M0 ∩ Vi,j = ∅ M = M0 ∪ {(hi, dj)} M
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2
i,j , Vi,j

V 1
i,j = {(h, d) ∈ Hi ×Dj | hi <d h, d <hi dj},
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f ′(n) n n2

fk(n) n n2 − k

f(n) = f0(n) k < l fk(n) ≥ fl(n)

4.6. m n (m−1)n < k ≤ mn fk(n) ≤ (n−m)f(n−1)

Γ′
W n |V (Γ′

W )| ≤ n2 − k

(m− 1)n < k ≤ mn |V (Γ′
W )| ≤ n2 − k < n2 − (m− 1)n = n(n−m+ 1)

1 ≤ i ≤ n {j | (hi, dj) ∈ V (Γ′
W )} ri r1, · · · , rn

R
n∑

i=1

ri = |V (Γ′
W )| < n(n−m+ 1) R < n−m+ 1 R

R ≤ n−m i ri = R Mi,1, · · · ,Mi,n

n−m |Mi,j | ≤ f(n− 1)

|M(Γ′
W )| =

n∑
j=1

|Mi,j | ≤ (n−m)f(n− 1)

fk(n) ≤ (n−m)f(n− 1)

(4.1)

|M(G′
i,j)| ≤ f|Vi,j |(n− 1)

4.1, 4.1

4.2. I n

(1) |M(I)| ≤
n∑

j=1

f|Vi,j |(n− 1) (i = 1, 2, · · · , n)

(2) |M(I)| ≤
n∑

i=1

f|Vi,j |(n− 1) (j = 1, 2, · · · , n)

k = 1, 2 |Vi,j | ≥ |V k
i,j | f|Vi,j |(n − 1) ≤ f|V k

i,j |(n − 1) |V k
i,j |

4.4 V3,2 = {(h2, d3)} G3,2 G′
3,2

h1

h2

h4

d1 d3 d4

h1

h2

h4

d1 d3 d4

G3,2 G′
3,2

4.4

4.5.

(1) M ∈ Mi,j M ′ = M \ {(hi, dj)} M ′ ∈ M(Gi,j)

(2) M0 ∈ M(Gi,j) M = M0 ∪ {(hi, dj)} M ∈ Mi,j

4.5 Mi,j ∋ M �→ M ′ = M \ {(hi, dj)} ∈ M(Gi,j) 3.1

4.1. |Mi,j | = |M(Gi,j)| = |M(G′
i,j)|

G′
i,j

G V (G) V (G′
i,j) ⊂ V (Gi,j) = (Hi ×Dj) \ Vi,j

|V (G′
i,j)| ≤ |V (Gi,j)| = (n− 1)2 − |Vi,j | (4.1)

4.5. n Gn n2

k

f ′(n) = max{ |M(Γ)| | Γ = Γ′,Γ ∈ Gn},

fk(n) = max{ |M(Γ′
W )| | |V (Γ′

W )| ≤ n2 − k,W ⊂ H ×D,Γ ∈ Gn}
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f ′(n) n n2

fk(n) n n2 − k

f(n) = f0(n) k < l fk(n) ≥ fl(n)

4.6. m n (m−1)n < k ≤ mn fk(n) ≤ (n−m)f(n−1)

Γ′
W n |V (Γ′

W )| ≤ n2 − k

(m− 1)n < k ≤ mn |V (Γ′
W )| ≤ n2 − k < n2 − (m− 1)n = n(n−m+ 1)

1 ≤ i ≤ n {j | (hi, dj) ∈ V (Γ′
W )} ri r1, · · · , rn

R
n∑

i=1

ri = |V (Γ′
W )| < n(n−m+ 1) R < n−m+ 1 R

R ≤ n−m i ri = R Mi,1, · · · ,Mi,n

n−m |Mi,j | ≤ f(n− 1)

|M(Γ′
W )| =

n∑
j=1

|Mi,j | ≤ (n−m)f(n− 1)

fk(n) ≤ (n−m)f(n− 1)

(4.1)

|M(G′
i,j)| ≤ f|Vi,j |(n− 1)

4.1, 4.1

4.2. I n

(1) |M(I)| ≤
n∑

j=1

f|Vi,j |(n− 1) (i = 1, 2, · · · , n)

(2) |M(I)| ≤
n∑

i=1

f|Vi,j |(n− 1) (j = 1, 2, · · · , n)

k = 1, 2 |Vi,j | ≥ |V k
i,j | f|Vi,j |(n − 1) ≤ f|V k

i,j |(n − 1) |V k
i,j |

4.4 V3,2 = {(h2, d3)} G3,2 G′
3,2

h1

h2

h4

d1 d3 d4

h1

h2

h4

d1 d3 d4

G3,2 G′
3,2

4.4

4.5.

(1) M ∈ Mi,j M ′ = M \ {(hi, dj)} M ′ ∈ M(Gi,j)

(2) M0 ∈ M(Gi,j) M = M0 ∪ {(hi, dj)} M ∈ Mi,j

4.5 Mi,j ∋ M �→ M ′ = M \ {(hi, dj)} ∈ M(Gi,j) 3.1

4.1. |Mi,j | = |M(Gi,j)| = |M(G′
i,j)|

G′
i,j

G V (G) V (G′
i,j) ⊂ V (Gi,j) = (Hi ×Dj) \ Vi,j

|V (G′
i,j)| ≤ |V (Gi,j)| = (n− 1)2 − |Vi,j | (4.1)

4.5. n Gn n2

k

f ′(n) = max{ |M(Γ)| | Γ = Γ′,Γ ∈ Gn},

fk(n) = max{ |M(Γ′
W )| | |V (Γ′

W )| ≤ n2 − k,W ⊂ H ×D,Γ ∈ Gn}
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4.3. n 3 f ′(n) ≤ f(n− 1) + (n− 1)f1(n− 1)

n 3 n I n2

4.2 |M(I)| ≤
n∑

j=1

f|V1,j |(n− 1) rankh1(dj) ̸= 2 Vi,j ̸= ∅

|M(I)| ≤ f(n− 1) + (n− 1)f1(n− 1)

f ′(n) ≤ f(n− 1) + (n− 1)f1(n− 1)

4.9. n 3 n I n2

(1) rankhi(dj) = 2, hi <dj hk |Mk,j | ≤ f(n− 2)

(2) rankdj (hi) = 2, dj <hi dk |Mi,k| ≤ f(n− 2)

(1) rankhi(dj) = 2, hi <dj hk V 2
k,j = {(h, d) ∈ H ×D | h <dj hk, dj <h d}

{(hi, d) | dj <hi d} ⊂ V 2
k,j ⊂ Vk,j rankhi(dj) = 2 (hi, dl)

{(hi, dm) | m ̸= j, l} ⊂ Vk,j M ∈ Mk,j ,

M ′ = M \{(hk, dj)} 4.4 (1) M ′∩Vk,j = ∅ (hi, dl) ∈ M ′

M ′′ = M \ {(hk, dj), (hi, dl)} M ′′ H \ {hi, hk}
D \ {dj , dl} n− 2

M ′′ f(n− 2) |Mk,j | ≤ f(n− 2)

(1) (2)

4.2 3

3

4.7. |V 1
i,j | =

∑
d<hi

dj

{n− rankd(hi)}, |V 2
i,j | =

∑
h<dj

hi

{n− rankh(dj)}

d <hi dj d (h, d) ∈ V 1
i,j hi <d h rankd(hi) < rankd(h)

V 1
i,j (h, d) n− rankd(hi)

|V 1
i,j | =

∑
d<hi

dj

{n− rankd(hi)}

|V 2
i,j |

n2

4.8. n 3 n I n2

(1) rankh(d) = 1 rankd(h) = n

(2) rankd(h) = 1 rankh(d) = n

(3) Vi,j = ∅ rankhi(dj) = rankdj (hi) = 2

(1) rankh(d) = 1 rankd(h) < n h <d h′ h′

(h′, d) (h, d)

(h′, d) n2 n2

rankd(h) = n rankh(d) = 1

(h, d) n rankd(h) = n (h, d) n rankd(h) = n

rankh(d) = 1

(2)

(3) 4.7 V 1
i,j = ∅ rankhi(dj) = 1 d <hi dj

rankd(hi) = n (1) rankd(hi) = n rankhi(d) = 1

d <hi dj rankd(hi) = n rankhi(dj) = 2

V 1
i,j = ∅ rankhi(dj) = 1, 2

V 2
i,j = ∅ rankdj (hi) = 1, 2

Vi,j = ∅ V 1
i,j = V 2

i,j = ∅ Vi,j = ∅ rankhi(dj) = 1, 2

rankdj (hi) = 1, 2 (1) rankhi(dj) = 1

rankdj
(hi) = n > 2 (2) rankdj

(hi) = 1 rankhi
(dj) = n > 2

Vi,j = ∅ rankhi
(dj) = rankdj

(hi) = 2
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3

M1 = {(h1, d1), (h2, d3), (h3, d2)},M2 = {(h1, d2), (h2, d3), (h3, d1)},

M3 = {(h1, d3), (h2, d2), (h3, d1)}.

4.8.

h1 : d1 d3 d2 d1 : h3 h1 h2

h2 : d3 d2 d1 d2 : h1 h2 h3

h3 : d3 d2 d1 d3 : h1 h2 h3

6

h1

h2

h3

d1 d2 d3

2

M1 = {(h1, d1), (h2, d3), (h3, d2)},M2 = {(h1, d3), (h2, d2), (h3, d1)}.

fk(3)

4.10. f3(3) = 2

5 1

f(2) 2 6

1

2 2

4.6.

h1 : d1 d2 d3 d1 : h3 h2 h1

h2 : d3 d1 d2 d2 : h2 h1 h3

h3 : d3 d2 d1 d3 : h1 h2 h3

8

h1

h2

h3

d1 d2 d3

3

M1 = {(h1, d1), (h2, d3), (h3, d2)},M2 = {(h1, d2), (h2, d3), (h3, d1)},

M3 = {(h1, d3), (h2, d2), (h3, d1)}.

4.7.

h1 : d1 d2 d3 d1 : h3 h2 h1

h2 : d3 d1 d2 d2 : h2 h1 h3

h3 : d3 d2 d1 d3 : h1 h2 h3

7

h1

h2

h3

d1 d2 d3
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4.4. 3 3

f(3) = 3

4.12, 4.13 f1(3) = f ′(3) = 3 f(3) f1(3) f ′(3)

f(3) = 3

4.3 4

4

4.9.

h1 : d1 d2 d3 d4 d1 : h4 h3 h2 h1

h2 : d2 d1 d4 d3 d2 : h3 h4 h1 h2
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4.13. f ′(3) = 3
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(h, d) rankh(d), rankd(h)

2, 3 (rankh(d), rankd(h)) (2, 2), (2, 3), (3, 2) (3, 3)

(i) (rankhi(dj), rankdj (hi)) = (2, 2) (hi, dj)

rankdj (hi) = 2 hi <dj hk k ∈ {1, 2, 3, 4} 2 k

4.9 (1) |Mk,j | ≤ f(2) = 2

|M(Γ)| =
4∑

l=1

|Ml,j | ≤ 2f(3) + 2f(2) = 10

(ii) (rankhi(dj), rankdj (hi)) = (2, 2) (hi, dj)

rankh(d) = 2 rankd(h) = 3 rankd(h) = 2

rankh(d) = 3 rankh(d) = 2, 3 (h, d) 4 rankd(h) = 2, 3

(h, d) 4 (rankh(d), rankd(h)) = (2, 3) (3, 2)
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(hl, dm) |Ml,m| ≤ 2 (h1, dj)

(j = 1, 2, 3, 4) 1

|M(Γ)| =
4∑

j=1

|M1,j | ≤ 2f(3) + 2f(2) = 10
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