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Abstract 

   This paper describes a study of the test specimen thickness effect on fracture toughness of a material, 

in the transition temperature region, for CT specimens. In addition we studied the specimen thickness 

effect on the T33-stress (the out-of-plane non-singular term in the series of elastic crack-tip stress fields), 

expecting that T33-stress affected the crack-tip triaxiality and thus constraint in the out-of-plane direction. 

Finally, an experimental expression for the thickness effect on the fracture toughness using T33-stress is 

proposed for 0.55% carbon steel S55C. In addition to the fact that T33 (which was negative) seemed to 

show an upper bound for large B/W, these results indicate the possibility of improving the existing 

methods for correlating fracture toughness obtained by test specimen with the toughness of actual cracks 

found in the structure, using T33–stress.    

  

Key words: Fracture mechanics; Elastic T-stress, Constraint effect, Fracture toughness, Cleavage, 

Transition temperature, CT-specimen, Thickness effect. 
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1.   Introduction 

   The limited ability of a single parameter such as the stress intensity factor (SIF) K or J-Integral J to 

fully characterize crack tip conditions irrespective of geometry and load level has been recognized for 

years [1, 2]. To overcome this problem, two parameter descriptions of the crack-tip stress-strain state have 

been studied over the past three decades. The so-called elastic T-stress, or the second term of the Williams 

[3] series expansion for linear elastic crack tip fields, has been one of the strong candidate as the second 

parameter in this two-parameter approach. Larsson and Carlsson [2], and Rice [4] showed that the sign 

and magnitude of the T-stress substantially changes the size and shape of the plane strain crack tip plastic 

zone at finite load levels. Bilby et al. [5] showed that the T-stress can strongly affect the magnitude of 

hydrostatic triaxiality in the near crack tip elastic–plastic fields. The important result emerging from these 

referenced works is that the sign and magnitude of the T-stress can substantially alter the level of crack tip 

stress triaxiality and hence influence crack tip constraint. A positive T-stress strengthens the level of crack 

tip stress triaxiality and leads to high crack tip constraint, while a negative T-stress reduces the level of 

crack tip stress triaxiality and leads to the loss of the crack tip constraint. Though the T-stress is an elastic 

parameter, the later works by Al-Ani and Hancock [6], Betegon and Hancock [7], Du and Hancock [8] 

and O’Dowd and Shih [9] indicate that the T-stress, in addition to the J, provides a practical 

two-parameter characterization of plane strain elastic–plastic crack tip fields (corresponding to, for 

example, materials in the lower to mid-transition temperature range and referred to as “cleavage after 
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significant plastic deformation, but before the initiation of ductile growth” by some researchers [10]) for a 

variety of crack configurations and loading conditions. These studies were focused on 2D (in-plane) crack 

tip constraint issues, and thus, the methodology was effective for issues such as explaining the effect of 

crack depth on the fracture toughness testing [10]. Hereafter, in-plane T-stress will be denoted as T11 (Fig. 

1). 

On the other hand, out-of-plane crack tip constraint as in the test specimen thickness (hereafter, TST) 

effect, which is also known to have a significant influence on the facture behavior of materials [11], 

cannot be expressed by the in-plane constraint parameter T11. This is because the out-of-plane T33 and T11 

are independent for general 3D cracks [12]. Instead, a practical expression, such as KJc (∝ Jc 
1/2) ∝B1/4 

(KJc, Jc: fracture toughness of a material in the lower to mid-transition temperature range, B: TST) was 

proposed based on the weakest link model [11]. Considering the fact that it is not easy to correlate the 

fracture toughness obtained from a test specimen with that of a crack found in structures, it seemed 

appropriate that the TST effect on the fracture toughness be formulated with some crack tip constraint 

parameter, such as T33. 

Thus in this paper, the TST effect on the fracture toughness of a material in the transition temperature 

region was considered for CT specimens. Then, the TST effect on the T33 was studied, expecting that 

T33-stress affected the crack-tip triaxiality and thus constraint in the out-of-plane direction. Finally, an 

experimental expression for the TST effect on the fracture toughness by using T33 is proposed for 0.55% 
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carbon steel S55C, tested by CT specimen. 

 

2. Experimental T33–Stress Formulation of TST Effect on Fracture Toughness 

2.1. T-stresses 

   In an isotropic linear elastic body containing a crack subjected to symmetric (mode I) loading, the 

leading terms (up to order O(1)) in a series expansion of the stress field very near the crack front are [13] 
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where r and  are the in-plane polar coordinates of the plane normal to the crack front as shown in Fig. 1 

and KI is the local mode I stress intensity factor at location A. Here x1 is the direction formed by the 

intersection of the plane normal to the crack front and the plane tangential to the crack plane. The terms 

T11 and T33 are the amplitudes of the second order terms in the three-dimensional series expansion of the 

crack front stress field in the x1 and x3 directions, respectively. 

2.2. Research Plan 

In this work we focused on the elastic parameter T33 (the out-of-plane non-singular term in the series 

of elastic crack-tip stress fields), expecting that T33-stress affected the crack-tip triaxiality and thus 
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constraint in the out-of-plane direction. Fracture toughness tests on CT test specimens, which had the 

same in-plane geometry but different thickness, were conducted to determine how the TST affected 

fracture toughness. Besides these tests, 3D elastic finite element analysis (FEA) was conducted for the 

different test specimens under identical nominal 2D SIF. In this case, it was expected that the in-plane 

elastic parameters K and T11 evaluated from the 3D FEA results would have close to the same values at 

the wall thickness center and the out-of plane parameter T33 would be dependent on thickness B. If 

significant changes were observed, an attempt would be made to formulate the TST effect on toughness 

with T33. Finally, elastic-plastic FEA corresponding to the test results were run for comparison. 

2.3. Fracture toughness tests 

2.3.1. Material 

The tested material was 0.55% carbon steel (JIS S55C), which is known to be in the transition 

temperature region at room temperature. The specimens were quenched at 850 oC and tempered at 650 oC. 

Chemical contents and tensile properties of the heat treated specimens are summarized in Tables 1 and 2, 

respectively. Tensile test was conducted in accordance with JIS Z2241 [14]. Test specimen configuration 

is given as Fig. 2. Two tests were conducted. The loading rate of the tensile test was 10 MPa/sec below 

the 0.2% strain and 40 % /min (measured at the gage length) for over 0.2%, which satisfied the JIS Z2241 

[14] requirements of 3～30 MPa/sec below the 0.2% strain and 20~50% /min (measured at the gage 

length) for over 0.2%. Tensile test temperature was 20 oC. 
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2.3.2. Test specimens 

Test specimen configuration was designed basically in accordance with the ASTM E399 [15], as 

shown in Fig. 3. The width W was set at 25 mm for all specimens. In addition to the standard ASTM 

thickness to width ratio B/W = 0.5, specimens with B/W = 0.25 and 0.4 (with side grooves; net thickness 

BN = 0.8 B) were prepared. The crack length a after inserting fatigue crack satisfied ASTM’s requirement 

of a/W = 0.45~0.55. Fatigue precrack was inserted at 20 oC under loads sufficiently below fracture 

toughness as shown in Table 3. Fatigue crack growth was monitored by clip gage. Five tests were 

conducted for each test specimen geometry. 

2.3.3. Test results 

The fracture toughness test was conducted in accordance with ASTM E399 [15]. Fracture toughness 

tests results are summarized in Table 4. Temperature for fracture toughness test was 20 oC. Here, the Kmax 

in the table was obtained as the SIF K corresponding to the maximum load Pmax from the following 

equation in ASTM E399 [15]: 









W

a
f

WBB

P
K

N

                                      (3) 

Figure 4 shows a typical load versus load-line crack opening displacement curve. As seen in this 

figure, Pmax and PQ (defined in ASTM E399) did not satisfy the condition Pmax/ PQ < 1.1, thus the fracture 

toughness expressed in the terms of SIF KQ could not be interpreted as the plane strain fracture toughness. 

Therefore, we evaluated the fracture toughness in terms of J-integral, and named it Jc max, in accordance 
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with the method outlined in ASTM E1820 [16]. 

Next, a log-log plot of the relationship between the fracture toughness Jc max and B/W is shown in Fig. 5. 

Note that this Jc max reflected the actual measured crack length given in Table 4. From Fig. 5, the fracture 

toughness Jc max is seen to be proportional to (B/W)(1/2), and thus also proportional to B(1/2) for our tests, 

though the scatter in Jc max was not especially small. The results are in accordance with the relationship 

predicted by the weakest link model ( KJc ( Jc
1/2)  B(1/4) ) [11]. 

Note that, though the Jc max shows TST dependence, it is interesting that Kmax in Table 4 shows little 

dependence on TST. 

2. 4. Finite element analysis 

2.4.1. Elastic analysis 

Elastic FEA for three test specimen geometries fundamentally shown in Fig. 3 was conducted using 

WARP3D [17]. Deviation from the figure was that the crack length a, was set at the nominal value of 12.5 

mm (a/W = 0.5) for all cases. 1/4 of the structure was analyzed, taking symmetry into account (Fig. 6(a)). 

20-nodes hexahedral meshes were used in general. For all cases, the crack tip was modeled by singular 

elements, whose size l was set at 0.001 of crack length a, and the radius of the “spider web” around the 

crack tip was set at 20l (Fig. 6 (b)). Young’s modulus E of 206 GPa and Poisson’s ratio  of 0.3 were 

used in all cases. 

Considering the fact that the average SIF at fracture Kmax was around 66 MPam1/2, regardless of 
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specimen thickness as given in Table 4, the load was set to a value so that this Kmax could be obtained 

using equation (3) (in concrete, Pmax = 12, 9.6 and 6 kN for B/W = 0.5, 0.4. and 0.25, respectively). 

SIF was evaluated by applying the domain integral method to the FEA results. T11 was obtained by 

applying the domain integral and interaction integral method [13] to the FEA results. This method for 

calculating various T11 solutions has been used widely in the past [12, 18-20]. Finally, T33 was evaluated 

from Eq. (2). 

Figure 7 shows the dependence of K, T11 and T33 taken at the specimen thickness center on B/W. We 

focused on these specimen thickness center values considering them as representing the characteristic 

intensity over the thickness. Details of the K, T11 and T33 distribution along the specimen thickness are 

summarized in the Discussion. According to Fig. 7, the Ks were not affected by B/W as expected, and 

were close to the nominal 2D SIF of 66 MPam1/2. T11 showed visible dependence on B/W, though the 

variation was less than 10%. In summary, the in-plane parameters at the specimen thickness center 

showed small TST dependence, as expected. 

On the other hand, T33 showed strong dependence on B/W. T33 was negative for all cases that were 

considered, and approached zero as B/W increased. Considering the fact that negative T-stress 

corresponded to the loss in crack tip constraint [5], it appears that T33 represented the well known 

tendency that large out-of-plane crack tip constraint is expected for thick test specimens. Another finding 

was that T11 and T33 showed different signs. This fact does not contradict with the fact that T11 and T33 are 
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independent, as reported by Qu and Wang [12]. 

Based on this result, additional analyses for the case of B/W = 0.6, 0.8 and 1.0 were made, expecting 

that T33 saturated to a specific value for a large B/W, corresponding to the saturation of fracture toughness 

for thick test specimens. For all cases, the effective thickness at side groove BN = 0.8 B, crack length a = 

0.5 W and load corresponding to 2D nominal SIF of 66 MPam1/2 was applied, as in the analysis 

summarized in Fig. 7. Material constants were identical to those in the previous cases. The results are 

compiled in Fig. 8 (a) and (b). Results from Fig. 7 were also included. 

According to Fig. 8 (a), |T33| decreased linearly with the increase in B/W, in the range of 0.25 ≤ B/W 

≤ 0.5 (0.5 is a standard value). Because W was kept constant for all the analyses, the following 

relationship was deduced.  

)5.0/25.0(1
33   WBforBT                           (4) 

On the other hand, when B/W exceeded 0.5, the negative T33 seemed to show an upper bound value with 

the increase in B/W (Fig. 8 (b)). Assuming that increase in T33 represent the increase in crack tip constraint, 

the T33 tendencies with B/W seemed to be consistent with the well known relationship between fracture 

toughness and test specimen thickness. By combining the relationship obtained for 0.55% carbon steel 

S55C in Fig. 5, i.e., Jc max  B1/2 for 0.25 ≤ B/W ≤ 0.5, the following expression is suggested as a 

possible relationship.  

)5.0/25.0( 
21

33c  WBforTJ                  (5) 
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Note that the T33 results (Eq. (4)) were for loads corresponding to nominal 2D SIF of 66 MPam1/2 for 

all cases, based on the experimental result that SIF at fracture was close to this value, as shown in Table 4. 

Thus, in order for equation (5) to be valid, the J obtained by elastic-plastic FEA for the maximum load 

corresponding to nominal 2D SIF of 66 MPam1/2, hereafter called JFEA, should show the relationship JFEA 

∝B1/2 for 0.25 ≤ B/W ≤ 0.5. Thus in the following, we report elastic-plastic FEA results for cases of 

B/W = 0.25, 0.4 and 0.5. 

2.4.2. Elastic-plastic analysis 

FEA model used in the elastic-plastic analysis was basically the same as that used in the elastic 

analysis. The exception was the crack tip elements. In order to run large strain analysis, singular elements 

were removed so that a circular hole with radius of  = 0.0125 mm was inserted at the crack tip for all 

cases (Fig. 9). 

Besides the E and , the Ramberg-Osgood approximation given in equation (6) was applied. Here, the 

parameters were set at  = 1.61, n = 6.90 and 0 = 428 MPa, determined as an average of the two tensile 

test data. 

n











000 






                                       (6) 

Maximum load was set as identical with the Pmax used in the elastic analysis, corresponding to 2D 

nominal SIF of 66 MPam1/2. In concrete, Pmax was set at 12, 9.6 and 6 kN for B/W = 0.5, 0.4 and 0.25, 

respectively. J was extracted by applying the domain integral method to the FEA results. J, taken at the 
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specimen center under Pmax, designated as JFEA, was added to Fig. 5 and presented as Fig. 10. WARP3D 

[17] was used for this elastic-plastic analysis. 

Figure 10 confirms that JFEA, which corresponds to the 2D nominal SIF of 66 MPam1/2, is proportional 

to (B/W)1/2 for 0.25 ≤ B/W ≤ 0.5, similar to the fracture toughness Jc max, as expected. Considering the 

fact that the relationship JFEA ∝B1/2 and |T33| ∝ B1 (Eq.(4)) were obtained for the identical Pmax, the 

proposed equation, Eq. (5), offers a correct description. We anticipate that other researchers that study this 

problem will validate Eq. (5) for other materials, which is also our future plan. In addition, we have a 

future plan to validate the relationship given in Eq. (5) for other types of fracture toughness test 

specimens. 

2.5. Proposal of experimental formulation: TST effect on fracture toughness with T33 for S55C 

From the discussion above, the TST effect observed for S55C tested by CT specimen was compiled in 

Fig. 11 and is formulated in terms of T33, as follows. 

)MPa200 60;C2055( ]N[3N/mm][ 33
o21

33
2/1

c  TatCSforTJ               (7) 

 

3. Discussions 

In this work, the TST effect on fracture toughness observed for S55C, which is in the transition 

temperature range, was compiled in general form as Eq. (5) and material specific form as Eq. (7). In these 

empirical equations, the TST effect was described with a single out-of-plane elastic parameter T33 taken at 
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the specimen thickness center. Though the depicted relationship between the fracture toughness of a 

material and T33 has to be validated for other materials and other type of test specimen configurations, 

using T33 as a relevant constraint parameter is definitely worth further investigation. 

It could be argued that the relationship Jc  (B(1/2))  |T33|
1/2 (Eq (5)) is in accordance with, but no 

more than what is predicted by the weakest link model (KJc ( Jc
1/2)  B(1/4) )) [11]. However, as 

Anderson et al. pointed out, as a contradiction of the weakest link model, “fracture toughness does not 

decrease indefinitely with thickness [11].” On the other hand, |T33| seemed to saturate to a lower bound for 

B/W > 1 (Fig. 8 (a) and (b)). On the point that |T33| seemed to show a lower bound for large B/W, it seems 

that T33 has the potential to predict what B/W is enough to obtain a lower bound fracture toughness and 

conquer the limitation of the weakest link model. Further study on this is also in our future plan. 

Rigorously speaking, Eq. (7) is valid for S55C tested with CT specimens of W = 25 mm at 20 OC. 

However, the more general relationship given in Eq. (5) should be valid to express the TST effect tested 

under a various combinations of material, W and test temperature. Thus, the primary use of Eq. (5) is 

expected to be in situations such as converting the fracture toughness Jc obtained from a non-standard 

B/W specimen to that for B/W = 0.5 (standard specimen). Another expected future application of Eq. (5) is 

in predicting a fracture toughness of a surface crack in a structure from Jc obtained using a CT specimen, 

assuming that test specimen could be prepared so that the (K, T11) combination (or ratio) in both the 

structures is identical (for example, by adjusting test specimen’s T11 with a/W), and considering the 
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difference in T33 by Eq. (5). Our next effort will be to validate Eq. (5) for different materials and test 

specimens Ws. 

In Fig. 7, the TST effect in K, T11 and T33 is shown at the specimen thickness center. It is true that 

these values distribute in the specimen thickness direction, as shown in Fig. 12 (Note that 80% of (BN/2) 

was considered for x3, because T stresses at or in the vicinity of the free surfaces are known to be 

unreliable [12]). There are many possibilities to treat this 3D effect, but considering the fact that the 

fracture tends to initiate at the specimen thickness center, the values at specimen thickness center were 

chosen to represent the characteristic intensity of these values. 

 

4. Conclusions 

In this work we focused on the elastic parameter T33 (the out-of-plane non-singular term in the series 

of elastic crack-tip stress fields), expecting that T33-stress affected the crack-tip triaxiality and thus 

constraint in the out-of-plane direction. Fracture toughness tests with CT test specimens, which had the 

same in-plane geometry and different thickness, were conducted to determine the TST (Test Specimen 

Thickness) effect on fracture toughness. In additions to these tests, 3D elastic FEA was conducted for the 

different test specimens under identical nominal 2D SIF. This load was selected because fracture 

toughness in terms of SIF had little TST dependence. The 3D elastic FEA results showed small TST 

dependence for the in-plane elastic parameters K and T11, and large dependence for the out-of-plane 
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parameter T33. Another finding was that T33, which was negative, seemed to show an upper bound for 

large specimen thickness. Next, elastic-plastic FEA corresponding to the test results were run for 

comparison. The results reproduced the TST effect on fracture toughness test in terms of J (Jc  B1/2), 

and finally this TST effect was formulated as Jc  |T33|
1/2 for 0.25 ≤ B/W ≤ 0.5. In addition to the fact 

that |T33| seemed to show a lower bound for large B/W, these results seem to indicate the possibility of 

improving the existing methods for correlating fracture toughness obtained in test specimens with the 

toughness of actual cracks found in the structure, using T33. 
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Table 1 Chemical composition of test specimens 

C Si Mn P S Cu Ni Cr Nb B Fe 

0.54 0.18 0.64 0.018 0.002 0.01 0.01 0.01 - - Bal.

 

Table 2 Mechanical properties of test specimens 

Yield Stress 
YS 
MPa 

Tensile Strength 
B 

MPa 

Young’s Modulus 
E 

GPa 

Elongation 
 

% 

470, 386 701, 680 206* 25.8, 27.2 

*: Reference value 

Table 3 Details of fatigue precracking procedure 

B/W Serial No. 1 2 3 4 5 

Pmax N 1 830 

Pmin N 183 

Kmax MPam1/2 19.5 19.6 19.6 19.6 19.2 
0.25 

Number of cycles 350 920 307 810 319 630 278 960 354 290 

Pmax N 2 930 

Pmin N 293 

Kmax MPam1/2 19.2 19.2 18.9 19.2 19.5 
0.4 

Number of cycles 298 450 290 270 271 380 295 660 386 220 

Pmax N 3 660 

Pmin N 366 

Kmax MPam1/2 18.9 18.9 19.0 19.9 19.3 
0.5 

Number of cycles 328 480 260 850 255 810 319 500 373 020 
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Table 4 Results of fracture toughness tests 

B/W Serial No. 1 2 3 4 5 

a/W 0.49 0.49 0.49 0.49 0.49 

Pmax kN 6.67 5.72 5.32 5.79 6.92 

Kmax MPam1/2 71.03 61.17 56.82 61.90 72.49 

Jc max N/mm 94.35 22.76 18.72 24.10 42.84 

0.25 

Loading Rate MPam1/2/sec 0.74 1.12 1.08 1.10 1.02 

a/W 0.49 0.49 0.48 0.49 0.49 

Pmax kN 9.71 10.29 7.50 6.73 9.64 

Kmax MPam1/2 63.65 67.67 48.48 43.99 63.98 

Jc max N/mm 24.44 30.70 12.64 10.21 24.56 

0.4 

Loading Rate MPam1/2/sec 1.25 1.32 1.26 1.26 1.33 

a/W 0.48 0.48 0.48 0.50 0.49 

Pmax kN 13.65 13.33 8.77 11.10 12.14 

Kmax MPam1/2 70.88 68.52 45.54 60.25 63.77 

Jc max N/mm 31.46 30.42 10.94 21.04 24.72 

0.5 

Loading Rate MPam1/2/sec 1.20 1.26 1.09 1.21 1.15 
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Fig. 1  Three-dimensional coordinate system for the region along the 
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Fig. 2 Tensile specimen configuration
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Fig. 3 CT specimen configuration
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Fig. 5 Relationship between Jc max and B/W (S55C)
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Fig. 6 Finite element model of CT specimen
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Fig. 7 Comparison of K, T11 and T33

at CT specimen thickness center for 

a load corresponding to nominal 

SIF of 66 MPam1/2 (n = 0.3)
-250

-200

-150

-100

-50

0

50

100

150

200

250

0.2 0.3 0.4 0.5

B /W

K
 M

P
a
m

1
/2
, 
T

1
1
, 
T

3
3
 M

P
a

K

T11

T33



10

100

1000

0.1 1

B /W

|T
3
3
| 
M

P
a 1

1

Fig. 8 Relationship between T33 at CT specimen 

thickness center and B/W, for a load corresponding 

to nominal SIF of 66 MPa1/2 (n = 0.3)

-200

-150

-100

-50

0

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

B /W
T

3
3
 M

P
a

(a)

(b)



Fig. 9 Finite element model for elastic-plastic analysis at the crack tip
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Fig. 10 Relationship between Jc max, JFEA and B/W (S55C)
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Fig. 11 Relationship between Jc max, JFEA and |T33| (S55C)

10

100

1000

10 100 1000

Jc max

JFEA

2

1

J c
 m

ax
, 
J F

E
A

N
/m

m

|T33|  MPa



-250

-200

-150

-100

-50

0

50

100

150

200

250

0 1 2 3 4 5

x 3 mm

K
 M

P
a
m

1
/2
, 

T
1
1
, 
T

3
3
 M

P
a

B/W

0.25 0.4 0.5

K

T11

T33

Fig. 12 Variation of K, T11 and T33 along the crack front for a 

load corresponding to nominal SIF of 66 MPa1/2 (n = 0.3)


