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Abstract 

Multi-charged redox species such as dispersed metal nanoparticles and latex particles have 

exhibited diffusion-controlled currents, which may be caused by not only the conventionally 

translational diffusion but also by the rotation of the species or random orientation toward the 

electrode. Rotational diffusion was here taken into account by use of the multiple 

redox-charged model particle which moves back and force in thin layer cell as well as rotates 

clockwise and counterclockwise by means of the Monte Carlo simulation. The steady-state 

current was smaller than the current which might flow if all the charge were to transfer at 

infinite rotational speed. The current values had a linear relation with the -1/2 powers of the 

number of the charge per particle. This relation was in accord with the experimental results of 

the partial charge transfer reaction of the ferrocene-immobilized latex suspension. 
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1.  Introduction 

     Metal complexes with multiple charge transfer reactions were classically explored at 

the aim of creating new redox systems by taking advantages of formation of mixed-valence 

states through π-conjugation [ 1 - 3 ]. Electrochemical techniques have played a role in 

estimating the mixed-valence states [4- 6]. The voltammetric behavior of mixed-valence 

states has been theoretically developed in the context of combinations of pair potentials 

between redox sites [7- 10], and has allowed us to evaluate quantitatively interaction energy 

of the mixed-valence states [11- 13]. Multi-charge redox species can also be seen in redox 

polymers which are coated on electrodes [14- 17]. Their electrochemical behavior is actually 

the same as that of the monomer, because each redox site in the polymer reacts independently 

[15,16]. Recently attractive multi-charged redox specie are metal nanoparticles [18- 21], 

clusters [22], dendrimers [23,24], fullerenes, redox proteins, redox polyelectrolytes [25- 29], 

and redox colloids. Since they have macroscopic size, geometry and a clear boundary from 

solvent, they may have properties of particles, discriminated against polymer-coated 

electrodes. 

    These jumbo redox particles are predicted to exhibit complicated electrode reactions in 

current-potential curves. The current-potential curves for n redox sites each with a 

one-electron transfer reaction show two and three waves for even and odd numbers of n, 

respectively [7,8] when the redox pairs are stabilized. If pair interactions are communicated 

each other complicatedly, n waves appears [10]. When n reactions occurs consecutively 

without any interaction among redox sites, only one wave appears [30], of which waveform is 

identical with the wave of the Nerstian one-electron reaction. The presence of a simple 

interaction makes the formal potential be shifted with 1/n dependence [31- 33].  

     When jumbo redox particles are adsorbed on an electrode, the Faradaic current has less 

information of properties of particles than voltammetric potentials because it varies with 

amount of aggregation. In contrast, diffusion-controlled currents are expected to include 

properties of particles such as size, concentration, the number of charge per particle. They 

have not been examined yet unfortunately, because of geometrical complications such as 

contact area of the particle with an electrode, charge exchange reaction between nearest redox 
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sites within a particle, rotation of the particle, effects of the double layer on the charge transfer. 

The voltammetric diffusion-controlled peak currents for n-electron particles has been 

estimated intuitively to be proportional to n [34] rather than the conventional proportionality 

to n3/2 [35- 38]. The n-proportionality has been demonstrated theoretically by use of the 

model of the consecutive reaction [30]. Size-dependence of the diffusion currents has been 

investigated by use of ferrocenyl latex particles. Particles smaller than 0.1 μm in diameter 

[39,40] show conventional diffusion-controlled current, whereas those larger than 0.5 μm 

[ 41 , 42 ] show currents smaller than the diffusion-controlled current. The observed 

size-dependence may suggest a contribution of the rotational diffusion. 

    We consider as an example of the rotational diffusion a model of ferrocene-coated latex 

particles suspended in a solution. The ferrocenyl moieties in a particle are assumed to have no 

redox exchange reaction among the moieties. When a particle collides with the electrode, 

ferrocenyl moieties only within the electric double layer can be oxidized at the electrode, the 

other moieties being still under the reduced state. Random force acting on the particle causes 

not only translation but also rotation. The translation near the electrode makes the particle 

collide with the electrode to yield the current. In contrast, the rotation does not contribute 

directly to the current except for on the electrode. Therefore the current is predicted to be 

smaller than the conventional diffusion-controlled current. This diffusion process including 

both translation and rotation is carried out by means of the Monte Carlo simulation in this 

report. 

 

2. Model 
 
2.1. Reaction system 
 

    The model system proposed is a diffusing circular particle, a in radius, with n common 

redox sites, at each of which the redox reaction, R ↔ O + e-, occurs. The n redox charges are 

distributed on the surface of the circle at a uniform density without any interaction between 

the redox charges. The only one particle is located in a rectangular cell w wide with an anode 

and a cathode, as is illustrated in Fig.1. The anode and the cathode are kept to be sufficiently 



anodic and cathodic potentials, respectively, so that the reaction is controlled by mass 

transport. 

    The cell contains supporting electrolyte with high enough concentration for neglecting 

the electric migration. If n redox charges were to be distributed uniformly over the cell, as 

would be predicted for dissolution of the redox latex particle, the one-dimensional average 

concentration would be ne/w. Then the concentration distribution at the steady-state 

electrolysis should be proportional to the distance, x, from the cathode, to give (ne/w)(x/w). 

The current density for the uniform distribution is then given by 

wDwnej /)/(=unf                                 (1) 

This is essentially the same as the expression for the current density in a thin layer cell, 

.  wDnFcj /*=

If the n electrons on the particle were to be condensed as a point charge, the time-averaged 

concentration should be uniform over the cell because of random walk of the particle. 

Consequently, Eq.(1) holds even for the condensed charge for a long time. 

    Collision of the particle with solvent molecules causes random walk to yield diffusion. 

We shall evaluate the current by means of the Monte Carlo simulation not only by translating 

the particle randomly toward either the cathode or the anode but also by rotating the particle 

either clockwise or counterclockwise. When a force, f, acts on a surface point of the particle 

(Fig.1), its x-components, fx, drives the particle to yield the x-component of the velocity, vx, 

whereas the angular component, fθ , rotates the particle to give the angular velocity, ω, or the 

circular velocity, vθ = aω. The force, fx, is balanced with the frictional force, 6πηavx, against 

the Newtonian fluid in the viscosity, η, according to the Stokes law [43]. On the other hand, 

the torque, afθ , is balanced with the rotationally frictional torque, 8πηa3ω (= 8πηa2vθ) [44]. If 

force, f, being ascribed to the thermal fluctuation energy kBT for the displacement of Δx, 

causes both the translation and the rotation, the two velocities are given by 
xaTkafv B Δ== ηη ππx 6/6/  

xaTkafv B Δ== ηηθ π8/π8/  

where kB is Boltzmann’s constant. Dividing both sides by Δx, we obtain the definition of the 

diffusion coefficients for the translation and the rotation: 
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xBx π6/ DaTkxv ≡=Δ η                      (2) 

θθ η DaTkxv ≡=Δ π8/B                      (3) 

The rotational diffusion coefficient is 3/4 times of the translational diffusion coefficient. 

  

2.2 Monte Carlo simulation 

 

    We assume that the translation is limited to the x-direction and that the rotation is 

restricted to the θ-direction (Fig.1). The particle translates back and force by the digitized 

value, ±Δx, randomly during the period, Δt, for each of which the random force acts on the 

particle. The center of the particle is necessarily located at a multiple of ±Δx on the x axis, and 

hence we digitize the diffusion space (length), w, into N so that w = NΔx. In contrast, the 

particle rotates by the arc length, Δx, or by the radian, Δx/a (= Δθ) in Δt. In order to keep the 

rotational symmetry, we digitize the circumference of the particle by Δx so that  

2πa/Δx = n                         (4) 

where n is an even number. In other word, the particle is approximated as a regular polygon 

with an even number of sides (see the octagon for 2πa/Δx = 8 in Fig. 1). One side of the 

polygon has either the elementary charge e or the vacancy, and hence the most highly reduced 

particle possesses ne charge. When a side of the polygon comes in contact with either the 

anode or the cathode after the translation or the rotation, the transfer reaction occurs. 

    The left and the right side of the polygon can collide with the anode and the cathode, 

respectively, as is indicated by bold lines on the octagon in Fig.1. The distance between the 

colliding site and the center, acos(Δx/a), is not a multiple of Δx. Consequently the both 

electrodes are shifted to the nearest lattice points, as illustrated in the bold arrows of Fig.1. 

When the left side with the reduced moiety collides with the anode, it is oxidized to release 

the charge e. Nothing happens if the left side with the oxidized moiety collides with the anode. 

The number of collisions associated with the charge transfer is counted and is defined as jΔt/e. 

The number divided by the number of dimensionless time or the number of generating 

random numbers is the dimensionless current. 

    The whole process in the Monte Carlo simulation includes in order 

(i) setting values of N and w/a so that n = 2πNa/w is an even number, 

(ii) relocating the anode at a rounded value of n/2π, and the cathode at N- n/2π, 
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(iii) initializing the location of the center or n redox sites, and n redox states (O or R), 

(iv) generating a random number ranging 0 to 1 as a selection of the translation or the 

rotation, 

(v) generating a random number, r, for the translation of Δx for 0.5 < r or -Δx for r < 0.5 (or 

rotation of Δθ for 0.5 < r or -Δθ for r < 0.5), 

(vi) examining the collision of the left or the right side of the polygon with the electrode 

(vii) going back to step (iv) until the current becomes a steady state. 

The probability of whether the translation or the rotation occurs is proportional to the value of 

the diffusion coefficient, because the force acting on the particle is proportional to kBT and 

thus to D through Eq. (2) and (3). Then Eq.(2) and (3) give the probability of the translation: 

( ) [ ] thxxx R≡=+=+≤ 7/4)8/1()6/1(/)6/1(/ θDDDp                   (4) 

where Rth is the threshold value under which the translation is predominant to the rotation. 

     The steps (iv)-(vii) are shown in the flow chart in Fig. 2. An example is given below. 

Let a hexagon be located at Δx from the anode (see the right of Fig. 2). The hexagon has 

initially the oxidized moiety only on the right side (denoted by a dot), and the reduced 

moieties on the other five sides. If a random number for the threshold is 0.3, the translation 

occurs. The next random number, 0.1, moves the hexagon by -Δx to make it collide with the 

anode. Since the colliding side is under the reduced state, it changes into the oxidized state by 

the transfer of the dimensionless charge. When the third and the forth random numbers are 0.8 

and 0.7, respectively, the hexagon rotates by Δθ. It gives rises to the rotational collision with 

the electrode. Since the colliding side has the reduced moiety, it changes into the oxidized 

one. 

 

3. Results and Discussion 

 

3.1 Justification of the Monte Carlo Method 
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     We shall justify the technique of the simulation and estimate the accuracy when n 

electrons are condensed as a point charge. This condition corresponds to the simultaneous 

n-electron transfer at one collision without the rotation of the particle. Applying the definition 

of the diffusion coefficient, Dx = (Δx)2/2Δt, to the analytical expression (Eq.(1)) for the 



present case , we rewrite Eq.(1) as 

( ) ( )2/)2/(/ wxnetj Δ=Δunf                     (5) 

We carried out the Monte Carlo simulation at several values of Δx/w by setting n to be unity 

without any rotation. The dimensionless current, j(Δt)/e, was averaged with the number of 

generated random numbers. The square-roots of the average values are plotted against 1/N (= 

Δx/w) in Fig.3. They are proportional to 1/N, and the slope is very close to the theoretical 

(solid) line with 2-1/2. The present Monte Carlo simulation includes errors less than 3.5 %. The 

error increased with a decrease in N. 

 

3.2 Effects of rotational diffusion 

 

    The Monte Carlo simulation associated with the rotation was carried out for various 

combinations of parameters of w/2a (or n) and N. A trajectory of an indicated side of the 

80-polygon is shown in Fig.4. It exhibits an ordered pattern of circles, which may be 

unexpected for the random motion. Arcs of the trajectory result from several digitized 

rotations around a given x. Although the trajectory is rather ordered, the charge transfer 

occurred almost randomly. 

    Figure 5 shows the variation of [j(Δt)/e]1/2 with 1/N for several values of n. Values of 

[j(Δt)/e]1/2 for n ≤ 8 are proportional to 1/N, as is similar to Eq.(5). Figure 5 also shows dotted 

lines of Eq.(5) for n = 2 and 40. All the simulated values of [j(Δt)/e]1/2 except for n = 1 are 

smaller than values predicted from Eq.(5), because the rotational diffusion has less 

contribution to the current than the translational diffusion. As an example, the simulated slope 

at n = 2 in Fig.5 was 0.71 whereas the slope of the simultaneous reaction is unity from Eq.(5). 

That is, the ratio of the simulated current, jsm, to junf for n = 2 is 0.712=0.51. The half 

contribution of the charge (2e) to the current can be explained as follows: When the particle 

possessing two reduced moieties collides with the anode (see Eq.(6), the anode being denoted 

A, (space) being vacancy), the redox site facing to the anode takes necessarily the oxidized 

form (Eq. (6-1)). Since the 4/7 contribution of the random force causes the translational 

diffusion, the current is (4/7) jsm. The reduced moiety on the back side can be oxidized when it 
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is rotated at the probability of 3/7 (Eq. (6-1)). The probability of the second reduction is 

(4/7)(3/7) because of requirements of both the translation and rotation. If the half-oxidized 

species translates Δx and then -Δx, returning to the anode surface, the rotation causes the 

oxidation (Eq.(6-3)). Then the probability is (4/7)2(3/7).  

A| (  ) (RR) → A| (OR) (  ) : trnsltn                                    (6-1) 

A| (  ) (RR) → A| (OR) (  ) → A|(OO) (  ) : trnsltn, rttn                    (6-2) 

A| (  ) (RR) → A| (  ) (  ) (RR) → A| (  ) (RR) → A|(OR) (  ) : 3trnsltns, rttn  (6-3) 

 

Therefore the ratio of the current up to three probabilities is given by 

                 (7) 
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It is close to the simulated value (0.51). There are some other minor processes. 

   With an increase in n, the variation of [j(Δt)/e]1/2 with 1/N deviates to a concave curve. 

Since the increase in n and 1/N enhances a/w through 2πa/w = n/N, the rotational diffusion 

contributes largely to the current. The extreme case is that the two electrodes sandwich the 

particle, i.e., 2a = w. Then no translation is permitted and hence only the rotational diffusion 

can give rise to the redox reaction. 

 

3.3. Dependence of the current on charge number 

 

     We examined the variation of the ratio, jsm/junf, with n and N, and plotted the ratio 

against n in the logarithmic scales for some values of N in Fig.6. The ratio for n < 20 does not 

vary with n. The invariant values are close to 0.5, as is similar to Eq.(7). The first two terms in 

Eq.(7) are valid for the estimation of jsm/junf for any value of n. Further increase in n decreased 

the ratio for any value of N. The logarithmic plots showed linear variation with the slope of 

-0.5. Consequently, the empirical relation is given by 

( ) 2/1
unf

2/1
unfsm /' aNwkjnjkj == −                           (8) 

where k and k' are constants. The current is proportional to the inverse of the square-root of 

the radius. This relation expresses the size effect of the particle on the current. 
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    Two kinds of experimental data about the size effect are available: one being the 

diffusion-controlled voltammetric currents of the ferrocene-including polystyrene latex with 

the volumetrically uniform distribution [39], and the other being that of chemically 

immobilized ferrocenyl moieties on the surface of the polystyrene latex [40]. Since the 

concentration of the latex was low, there was no distribution of viscosity. The number of 

active redox charge, nCV, was evaluated from the current by use of the equation for the peak 

current of n-redox reactions [30]. This value was smaller than the number of the redox charge 

loaded on the particle, nUV, which was determined by the absorption of the UV-vis spectra of 

dissolved latex solution [39,40,45]. If nUV is equal to n (the number of the charge on the 

surface) in the present model, the ratio nCV/nUV should be the same as jsm/junf. Figure 7 shows 

the plot of the ratio against the radii of the particles on the logarithmic scale for the two kinds 

of the ferrocene particles [39,40]. Both show linear variations. The ferrocene with the 

volumetrically uniform distribution [39] exhibits the slope -1, whereas the surface-coated 

ferrocene has the slope -1.5 [40]. The former is not suitable to the present model in that the 

charge is present even inside of the particle, i.e., n < nUV, as is illustrated in Fig. 7. The latter 

agrees with the model in that all the redox charge is located on the latex surface owing to 

hydrophobic repulsion of the polyallylamine of the surface coating against the polystyrene 

core. The thickness of the ferrocenyl shell was proportional to the radius because of 

limitations of synthetic conditions [40,42]. Since nUV is proportional to both the surface area 

and the thickness, it turns to be proportional to a3 [40]. Eliminating a from the empirical slope, 

jsm/junf = k2a-3/2, by use of nUV = k1a3, we obtain jsm/junf = k3nUV
-1/2. This is the same result as 

the linear portion in Fig. 6. 

    We have assumed that the particle is a circle in the two-dimensional space although the 

two diffusion coefficients are for a sphere. In order to make the two models consistent, we 

attempted to use diffusion coefficients of a circle. Since diffusion coefficients of a circle are 

not available and not practical, we varied the threshold value from Eq. (4). When Rth 

increased from 0.45 to 0.70, values of jsm/junf for n ≤ 14 increased from 0.4 to 0.7. Since the 

increase in Rth is favorable to the translational diffusion, the current enhances at the cost of 

the rotational contribution. When n ≥ 20, the linear relation was still held and slope was -0.5, 
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independent of the threshold values. Therefore the difference between the two- and the 

three-dimension is not significant as for the -0.5-power dependence. 

     Concentration profiles in the diffusion space may be complicated when the value of 2a 

is close to w. We evaluated concentration profiles of the reduced moiety by counting the 

number of the moiety passing at a given position and averaging them. Figure 8 shows 

examples of the concentration profiles for some values of n or w/2a. The profile at n = 6 has 

an approximately linear variation for 0 < x < w except for the cathode. A profile for a large n 

shows two corners at x = 2a and w-2a. In the domain of 0 < x < 2a, there is the anode-going 

translation supply of the reduced species but is no cathode-going demand. Consequently, the 

reduced species is accumulated in the domain of 0 < x < 2a. The accumulated amount is 

smoothed by the rotation to yield the linear increase profile. The accumulation causes the 

slope in the domain of 0 < x < 2a larger than the slope in the domain of 2a < x < w-2a. 

 

4. Conclusion 

 

    The steady-state current associated with both the translational and the rotational diffusion 

in the thin layer cell is smaller than current controlled only by the translation. Of interest is 

the proportionality of the current to n-1/2 for large values of n. This relation was applied to the 

ferrocene-immobilized latex particle by replacing n by a, and was justified experimentally as 

effects of the diffusion-controlled current on particle size. It may be helpful for quantitative 

analysis of general size effects in the diagnosis whether the rotational diffusion does 

contribute to currents or not. 

    There are some limitations of the present simulation when the results are applied to real 

systems. The two-dimensional model does not predict accurately the real system, especially 

when n is related with a. The other limitation is in the use of the thin layer cell, which is not 

realistic for analysis of time-dependent voltammetric data. 
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Figure Captions 
Fig. 1. Illustrative model of the cell and the polygonal particle for n = 8. 
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Fig. 2. Flow chart (left) of the key part of the Monte Carlo simulation, and an example (right) 

of the movement of a hexagon, where r is a random number. 

 

Fig. 3. Dependence of the square-root of the time-averaged current on 1/N, obtained from the 

Monte Carlo simulation for n = 1 without rotation. The line has the theoretical slope, 2-1/2, 

from Eq. (5). 

 

Fig. 4. Trajectory of an indicated side of the 80-regular polygon at w/2a = 1.96 and N = 50.  

 

Fig. 5. Variation of the square-root of the time-averaged current on 1/N for n = 2 (open 

circles), 4 (full circles), 8 (open triangles), 10 (full triangles), 20 (open squares), 40 (full 

squares). Lines (a) and (b) have slopes, (2/2)1/2 and (40/2)1/2, for n = 2 and 40, respectively 

from Eq.(5). 

 

Fig. 6. Dependence of the ratio of the simulated current to the current in Eq.(1) on logarithms 

of n for N = 60 (open circles), 120 (full circles) and 180 (triangles). 

 

Fig. 7. Variation of the experimental data of n/nUV with a on the logarithmic scales, obtained 

from (open circles) the ferrocene-including polystyrene latex at the volumetrically uniform 

distribution [39] and (full circles) the chemically immobilized ferrocenyl shell on the 

polystyrene latex core [40]. 

 

Fig. 8. Current distribution at (n, w/2a) = (a) (6, 52.4), (b) (20, 15.7), (c) (50, 6.3), and (d) (90, 

3.5) for N = 100.
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Figure 1. K. Aoki 
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Figure 2. K. Aoki 
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Figure 3 K. Aoki 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. K. Aoki 
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Fig. 7 K. Aoki 
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