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The Bernstein wave propagating obliquely to the magnetic field is excited by 
the coaxial probe and is heavily damped by the Landau and/or cyclotron damp­

ing with respect to the direction along the field, whose propagation direction may 
be coincident with that of the maximum value of group velocity (8w/8k). When 

a rather weak electron beam is injected, the wave is amplified due to the 

convective instability, whose wave vector k is determined as follows: the wave 

number component k II paralell to the field satisfies the Cherenkov excitation 

condition (kIlVb;::::::W), and then, the component k~_ perpendicular to the field is 

determined by the dispersion relation K(w, k II, k.~) =0. Increasing the intensity 

of the electron beam above the threshold value, the spontaneous excitation of 

the. wave is observed, which can be explained consistently as the result of the 

convective instability of thermal noise in plasma. 

1. Introduction 

In a warm magnetized plasma, the Bernstein wave has been investigated as one of 

the interesting waves, because it is the most generalized wave in a high frequency 

region (CO?:We, Wp; where We and Wp are the electron cyclotron and plasma frequencies, 

respectively). Moreover, from the viewpoint of the wave phenomenon, it has the 

unique characteristics that it appears as a forward and/or a backward wave with 

varying the plasma parameters (We, Wp and electron temperature Te). The wave is 

predicted theoretically by Bernsteinll and its dispersion relation is fully analized by 

Crawford et a1.2) in the 'cases of plasmas with the various velocity distribution func­

tion of electrons. 

The experimental investigations of the wave are divided into two parts; one of 

them is the propagation experiment,3) which is concerned with only the wave prapa­

gating perpendicularly to the magnetic field, because the wave has not resonant 

particles and can propagate without Landau or cyclotron damping. The experiment 

*Reported in part in Phys. Letters 46A (1974) 409. **Department of Applied Physics. 
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confirms that the observed dispersion relation is coincident with the theoretical 

expectation.2) While, the propagation of the wave having the propagation component 

along the field (hereafter, denoted by , oblique propagation') has been scarcely 

investigated experimentally, because of heavy damping of the wave. The other is the 

experiment of instability of the wave in an electron beam-plasma system,4) which is 

concerned with the oblique propagation satisfying the synchronization condition (w­

k II Vb II =nwc). Therefore, the instability experiment has not been supported by the 

oblique propagation experiment. 

In this paper, the characteristics of the oblique propagation of the wave are inves­

tigated experimentally, and compared with the calculation of the dispersion relation. 

Then, when the electron beam is injected, the instability of the wave occurs, because 

the growth rate of the wave exceeds the damping rate of the wave. These excitation 

of the wave can be explained by the convective. instability. 

In the next section, the experimental apparatus and experimental procedures are 

explained, in §3, the experimental results and discussions are expressed and in 

final section the conclusion of the paper are described. 

2. Experimental Apparatus and Procedures 

In order to investigate the propagation of waves and the instability of the wave 

due to the interaction of an electron beam with a plasma, it is desired that a 

Maxwellian plasma is produced and an electron beam is injected into this plasma, 

both parameters of plasma and beam being varied independently. Considering such 

a requirement, we have set up the apparatus which is consisted of three regions, that 

is, the dc discharge region, the plasma 

diffused region (or the beam-plasma sys­

tem) and the beam generated region, as 

shown in Fig. 1. Argon gas of the pres­

sure of about 1 ...... 2 X 10-2 torr is fed 

into the discharge region and, by using 

a method of differential pumping, the 

gas preSSUI es of the plasma diffused and 

the beam generated regions are main­

tained at about 3 ...... 7 X 10-4 and 0.8- 1 x 

10-4 torr, respectively. An external mag-

netic field is applied along the tube axis 

and its intensity distribution on axis is 

shown in Fig. 1. The plasma is produced 

by a dc discharge and diffused through 

an orifice (10 mm in diameter and 200 

mm in length) and a hole (8mm in diame-

i1 . . ~ discharg~regiOn -:M- beam plasma system ........ beam 9M1! ... t~ region 

1200 

~ . 

o~~--~----~--~--

Fig. 1 Experimental apparatus and the 
distribution of the magnetic field 
intensity. 
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ter) at the center of an anode into the plasma diffused region along the external 

magnetic field. In the region, the field is uniform within 3 percent and its strength 

is 60 gauss, which is COl responding to coc/2rr=168 MHz. The plasma is supported 

by the field near the axis of glass tube (95 mm in diameter and 700 mm in length). 

The plasma density profile in the radial direction is shown in Fig. 3. When the 

discharge current Id is varied from 2 to 

23 mA, the plasma density np is varied 

from 8 x 108 to 9 X 109 cm-3 but the elec­

tron temperature is constant at about 6 

--10 eV in the region. The principle of 

the apparatus is similar to the TP-D 

machine at the Institute of Plasma Physics, 

Nagoya University.s> 

An electron beam is produced by the 

Pierce gun in the beam generated region, 

and is injected into the plasma diffused 

region through a hole of 15 mm in diam­

eter. When the accerelation voltage Vb 

of the beam is changed from 50 to 500 V, 

the current of the beam h changes from 

0.18 to 3.1 mAo (The perveance of the 
gun. being about 5 x 10-7 AV-3/2.) The 

electron density of the beam nb is varied 

from 1.5 x 108 to 4.5 x 108cm- 3
, but the 

temperature Tb of the beam is constant 

at about 0.3 eVe 

In order to excite and receive the wave, 

three coaxial probes are inserted in the 

plasma diffused region, one of them being 

movable radially and the other two being 

movable axially. The signal of the wave 

excited by a probe is detected using an­

other probe and its propagation pattern is 

measured and recorded by the interfero­

meter system as shown in Fig. 2. The 

delay line is used in order to determine 

the direction of the wave propagation. 

When an intense electron beam is injected 

and the wave is excited spontaneously, 

Fig. 2 The interferometer system. 

w/~=2.68 

~=8 .0 em I r: 

~ 
o 

Distance from the axis r (cm) 

Fig. 3 The propagating wave patterns 
excited by a coaxial probe and 
the radial density profile of plas­
ma. The exciting probe is situated 
at r=z=O. UHL shows the upper 
hybrid layer. (np)max=5.6X l09cm-8 

(c.u2p/w2c=16.0) . 

the self correlation is measured by using two of them. From the recorded wave 

patterns, the wave number and damping rate (or growth rate) are determined. The 
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excited and/or received frequency is varied from 168 MHz to 500 MHz. When the 

intensity of received signal is determined, it is compared with and equalized to that 

of the -impulse genera tor by inserting a known value of a ttenua tion in the transmis­

sion line -from 'the plasma to the field intensity meter. 

3. Experimental-Results and Discussions 

3.1 Observation -of the wave propagating obliquely to the field 

At first, the propagation characteristics of the wave excited by a probe are meas­

ured and compared with the calculated dispersion relation. The wave is excited by 

using one of the z-probes situated on the tube axis 0. e., the center line of the 

plasma region) and detected by the r-probe situated at the distance of 350 mm from 

the electron beam inlet. Hereafter, the' position of r-probe is defined as the origin 

of z-axis (z=O). The patterns of waves propagating radially are recorded with the 

separation distance z from the exciting probe (one of z-probes) as a parameter, by 

using the interferometer system. The result is shown in Fig. 3, with the radial 

density profile of plasma. This figure may be considered to show the feature of 

propagation of the wave excited by the probe situated at the point of z=r=O. It is 

seen that the wave does heavily damp along the field (z-direction) but can propagate 

with little damping across the field (r-direction). Apparently, it propagates obliquely 

to the magnetic field only in the inner region for the upper hybrid layer '(W21'=W2....:.. 

W 2e). The wave damping along the field is very large near the cyclotron harmonics 

(w=nwe), where the oblique propagation can not be observed. When only w/ We is 

nearly equal to a half integer, the damping is comparatively small and the oblique 

propagation can be observed. 

If we plot the points of the same phase on each wave pattern, the wave surfaces 

are drawn in the r-z plane, which are shown in Fig. 4. The solid and dotted lines 

show the maximums and minimums of the wave patterns. The wave vector k must 

be perpendicular to the wave surface and its direction can be determined by using 

the delay line in the interferometer system, which is shown by arrows in the figure. 

In Fig. 4. (a), which corresponds to Fig. 3, the backward property is seen, with 

respect to both propagation components along and across the field. While, in Fig. 4 

(b), the same property is seen with respect to the component across the field but 

the forward wave property with respect to that along the field. (Here, it is assumed 

that the group velocity f)w/f)k, i. e., the energy flow of the wave is directed outward 

from the exciting probe.) These are very interesting characteristics which is peculiar 

to the Bernstein wave. In the former case, the absolute instability is expected by 

the electron bp,am injection but in the latter case, the convective one is done. In this 

paper, we are concerned with the latter case, that is, the forward wave property 

with respect to the propagation component along the field. 



E 
u 

'-

.!!! 
)( 

111 ., 
£ 
E .g 
., 
u c 
.!!! 
'" i5 

3 
( b) 

UHL 

2 ---.- -

0 ----..--"--'---'---'-- -------
2 (a) 

U~ _ ...:... __ Jk _ _ _ _ _ __ 

~ _-----r ~ 
0 -... -.. - --. 

• • i 
~--.---~. 

2 o 2 4 6 

Distance from the probe z (cm) 

Fig. 4 The Bernstein wave surface. (a) w/wc=2.68 and 
(wp/wc)2=9. (b) w/wc=1.55 and (wp/wc)2=6.0. 
UHL shows the upper hybrid layer and arrows 
do the directions of the phase velocities. 

3.2 Co:rnparison with the calculated dispersion relation 
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From the experiment of wave propagation described above, the excited wave is not 

the standing one but propagates both radially and axially, and the diameter of plasma 

corresponds to about five or six wavelengths. Therefore, the plasma may be consid­

ered to be infinite and uniform for the wave, so that we can analyse the experi­

mental results approximately by using the well-known dispersion relation' for the 

uniform and Maxwellian plasma, 

co 2p 00 

K(co,k II ,kJJ= 1 + k2V~ [ 1 + n ~ 00 exp( - A)In(A) 

co co -ncoc ] 
-y=2;--k-llv-t Z(y2kllvt) =0, ...... "'(1) 

where Vt is the thermal velocity of plasma electron, A=(k~ Vt/COc)2, In is the Bessel 

function of second kind and Z is the plasma dispersion function defined by Fried 

and Conte.61 Under a typical plasma parameter (cop/ coc), eq. (1) is calculated for real 

wave vector k and the complex frequency co+ iWi, which is shown in Fig. 5. From 

Fig. 5 (a), it is known that both forward (aco/ak II. k II> 0) and backward (aw/ok II.k ii 

<0) waves with respect to the propagation component along the field can appear, 

which explains the experimental results qualitatively. Moreover, it is seen in Fig. 5 

(b), that the damping rate (COi) increases with k ii increased and the increase is 

larger near the electron cyclotron harmonics because of the cyclotron damping, which 
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Fig. 5 The dispersion relation surface calculated using eq. (1). 
(a) the frequency W v. s. wave vectoe k (b) the 
damping rate Wi v. s. wave vectork .(wp/wc)z=8. 

is consistent with the intuitive consideration. The wave can not exist for the large 

value of k /I because of the large damping rate, while it can propagate with little 

damping, when (J)/{J)c is nearly equal to half integer and k/lvt/{J)c is much smaller than 

unit, i. e., the condition lro/wc-nl» k/l Vt/{J)c is satisfied for all integer n. As our 

experimental condition satisfies the above one, the oblique propagation can be ob­

served. 

Under this condition, eq. (1) is rewritten approximately as follows, 

ro2 [k2 J ~ exp( - ~)IoO)n2{J)2c 
K(w, k/l, k 1 )=1- ro2; k2n:1 O/2)(w2-n2{J)2c) 

+ ~~I exp( - ~)IoO) ] =0. .. ·······(2) 

In Fig. 6, are shown the dispel sion relation surfaces calculated using eq. (2) for 

the experimental conditions corresponding to Fig. 4 (a) and (b). Because experi­

mentally determined points (w,k), shown by dark circles in the figure, lies near the 

Fig. 6 The dispersion relation surface 
calculated using eq. (2). (a) w/wc=2. 
68 and (wp/wc)z=9. 

3" 
3 

2.0 

1.5 

1.0 
0 1.0 20 

k.L.Vt/wc 
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surface, eq. (2) is considered to be good approximation. Arrows show the directions 

of group velocity of the wave, i. e., the directions of ow/ok. In Fig. 6 (a), it is seen 

that the wave shows the backward property along the field as well as aCross the 

field, while· in Fig. 6 (b), the wave is forward with respect to the component along 

the field, which supports our exprimental results shown in Fig. 4 (a) and (b). 

3.3 Observation of the amplification of the wave due to the convective instability 

The convective instability is expected to occur f01 the case of forward wave along 

the field, while the absolute one is done for the backward wave along the field. The 

former is investigated here and the latter will be reported elsewhereP 

Under the experimental condition where the former wave is observed, when an 

electron beam is injected and its density nb is increased at constant value of Vb, the 

damping factor of the wave excited by a probe decreases and then the amplification 

of wave is observed above the threshold value of nb, where the convective growth 

gets over the Landau and/or cyclotron damping. In Fig. 7 (a), the patterns of the 

propagating waves along the axial direc-

tion are shown with the beam current Ib 

as a parameter. The direction of the 

phase velocity determined by the delay 

line is coincident with the direction of 

electron beam velocity. The amplification 

factor k II i, i. e., the imaginary part of 

k II, is estimated from the figure and 

shown in Fig. 7 (b). It is seen that when 

the beam is not injected and the system 

is in thermal equilibrium, the excited wave 

is heavily damped, while with the beam 

current increased, k II i also increases and 

becomes positive, so that for an intense 

electron beam the wave is amplified by 

the effect of the convective instability. 

In Fig. 8 (a) the wave patterns along 

the axial direction are shown with the 

beam voltage V b as a parameter. The 

wave length A II is measured from this 

figure and the phase velocity component 

Vp II (=wA II /2n) is estimated, which is plot­

ted in Fig. 8 (b) as a function of Vb. The 

solid line in the figure shows the electron 

beam velocity Vb II estimated from Vb. Both 

2-0.4 
() 
1\1 .... 
c 
~-0.8 
11! 
() 

:.E a. 
E 
<t 

(b) 

Vb=200V 

w/2n=330 MHz 

Wcl21f.=168MHz 

np=I.2 xl09criiJ 

o 10 
Distance from the probe z (em) 

1.0 
Ib (rnA) 

1.5 

Fig. 7 (a) The wave patterns propaga­
ting along the axial direction with 
the beam current Ib as a parame­
ter. Ar, p=7 .5)(110-4 torr, Id=4.5mA 
(np=1.5XI09cm-a) and T e =7.8 eV. 
(b) The amplification factor k II i 

as a function of Ib 
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the velocity Vpll and Villi are almost equal (Vpll ~VIIII), which verifies that the ampli­

fication of the wave is due to Cherenkov type excitation. 

The wave patterns propagating along the radial direction are observed with the 

axial distance z from an exciting probe as a parameter, which is· shown in Fig. 9. 

(a) 

w/2n=330~ 

wc:/2n=168 MHz 

°O~--~15~O---3~OO----4~~--~ 4 voltage Vb (V ) 

200 

10 0 10 20 
Distance from the probe z ( cm ) 

Fig. 8 (a) The wave patterns propagat­
ing along the axial direction, 
with the beam voltage Vb as a 
parameter. Ar,p = 7.5 X 10-4 torr, 
np=1.2X1109 cm-8 and Id=4.6mA. 
(b) The phase velocity component 
vp II (=w/k II) and the beam veloc­
ity VII II as functions of Vb. 

205 

200 

19.5 

19.0 

18.5 
18.0 --s:~ ........... 

1.0 0 
Distance from the beam r (em) 

Fig. 9 The wave patterns propagating 
radially in a beam plasma system 
as the distance from the exciting 
antenna z as a parameter and the 
radial density profile of plasma. 
A dotted line shows the same 
phase points of wave and a broken 
one does the upper hybrid layer 
(UHL). VII=150V, C'ilp/wc)2=4.6 and 
w/wc=1.55. 

Plotting the maximums and minimums of these wave patterns on the r-z plane, we 

can obtain the surfaces of obliquely propagating Bernstein wave as shown in Fig. 10 

(a), where the arrow indicates the direction of the phase velocity dertermined by 

using the delay line. It shows that the observed wave is confined within the upper 

hybrid layer, which is consistent with the works of other authors.B) Fig. 10 (b) shows 

the observed wave surfaces with the directions of the phase velocities (denoted by 

arrows) under the different experimental condition. Considering that the energy 

source for amplifying the wave is localized at the beam region, the energy flow 

carried by the wave, i. e., the group velocity of the wave, is considered to be directed 
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outward from the beam region. Therefore the wave shown in Fig. ·10 (a) (where CIJ 

<ZWu.h, Wuh is the upper hybrid frequency) and one of the waves in Fig. 10 (b) 

(where w?:: WU.h) are backward waves a.nd the other in Fig. 10 (b) is a forward wave 

with respect to the radial direction. This is qualitatively consistent with the theore­

tical consideration described above. 

E 
u 

I I I 
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I I I 

wI We = 1.55 
(Wp/we)2 =·4.6 

~ upper hybrid layer W = WUH Vb = 150 V 
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Fig. 10 The surface of the Bernstein wave propagating 
obliquely. The solid and dotted lines connect the 
points of the maximums and minimums of the wave 
patterns. Arrows show the directions of phase veloci­
ties vp. Ar, p=7.SXlO-4 torr. 
(a) Vb=1S0 V, 111=1.2 rnA, Id=8.0mA, w/2.=260MHz, 

w/wc=1.55 and (wp/wc)2=4.6. 

(b) Vb=200 V, 111=1.5 rnA, Id=4.2mA, w/21T=386 
MHz, w/wc=2.3 and(wp/wc)2= 3.9. 
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In Fig. 11, the relation between the wave number component (k II and k..L) of the 

amplifying wave which gives the angle 0 of propagation (tan O=k.l/kll), is shown 

with the plasma density np (CY:;W 2p/W2c) as a parameter. For rather small density (WU.h 

:::; ())), two values of k..L correspond to each value of k II, the smaller one showing 

the forward wave and the larger one the backward wave with respect to radial 

direction. However. for large density (Wu.h~())), one value of k..L corresponds to each 

value of k II, which shows that only the backward wave exists. The solid and broken 

lines show the theoretical results calculated using the dispersion relation for infinite 

plasma described by eq. (2) and eq. (1), respectively, which is good agreement with 

the experimental results. A little quantitative disagreement may result from the fact 

that the experimentally observed wave is I a cylindrically symmetric wave in a finite 

system. 

-3 -.. 
~ 1.5 

oX 

t 
~ 
:7 
C 

ell i 1.0 

ell 
-;6 

'0 
C 
ell 
C o 
0. 

8 
u 

0.5 

W/We= 2.3 

6 ~/w~=3.9:!: 1.2 

o w~/W~=5.0! 1.5 

0.5 to 1.5 2.0 
Radial component of the wave number k.LVt' we 

Fig. 11 The relation between the radial and axial components of the wave number. 
The solid and dotted curves show the calculated ones by using eq. (2) and 
eq. (1), respectively. 

3.4 Spontaneous excitation of the wave due to the convective instability of the 

thennal noise of plasma. 

When the rather weak electron beam is injected, only the externally excited wave 

is amplified but the spontaneous excitation of the wave is not observed, as described 

above. However, when a more intense electron beam is injected, the wave is excited 
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spontaneously, though the external signal is not transmitted. 

The curve (a) in Fig. 12 shows the distribution of the excited power along the 

axis, which sets on at a certain distance 

from the beam inlet, increases exponen­

tially and saturates finally. 

This feature is similar to other experi­

mental results.9 ) The curve (b) in the 

figure shows the self-correlation of the 

spontaneously excited wave measured by 

using the r-probe situated at z=O and one 

of z-probes movable axially. The direction 

of phase velocity determined by the delay 

line coincides with the direction of elec­

tron beam velocity and its value v p II 

calculated from the wavelength A II (vp II 

= ClJA II /2n) is nearly equal to the beam 

velocity component Vbll (Vpll :::S;Vbll), there­

fore the excitation mechanism is Che-

renkov type. 

In Fig. 13, the power distribution of 

excited wave picked up by r-probe is 

shown in np-CIJ space with the parameter 

of beam keeping at constant. Solid curves 

show the equi-intensity ones and the value 

of P is that compared with the power of 

1 p. V for impedance of 50 ..Q. 

On the other band, if we insert one of 

z-probes at the position denoted by 'EP' 

in Fig. 12 where the spontaneous excita­

tion does not set on, and excite the wave 

externally, the wave is amplified by the 

electron beam before the spontaneous 

excitation does set on. Using the other 

of z-probes, the wave signals propagating 

along an axis are measured and the wave 

patterns are recorded by the interfero­

meter system. The behavior is shown in 

Fig. 14 (a) with Id (or plasma density) 

Q.. 

i~-------
~ a:: 

Fig .12 The power distribution of the 
spontaneously excited wave along 
the axial direction and self-cor­
relation patterns of the wave. 
Vb=210 V, b=2.7SrnA, (wp/wc)2 = 

9.5 and w/wc=2.38. 

20 
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o~------------~----------~ 123 
Frequency fA) Iw c 

Fig .13 The power distribution of the 
spontaneously excited wave ob­
served by r-probe. Vb=14S V and 
b=1.5 rnA. 

as parameter at the constant frequency and the constant parameters of electron 

beam. It is seen that the amplification factor k II i varies with Id but the wavelength 

remains at constant value which satisfies the Cherenkov excitation condition. The 
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distribution of factol k" i calculated from Fig. 14 (a) and many similar figures is 

shown in Fig. 14 (b),' with the parameter of beam keeping at the same value as Fig. 

13. The solid curves show the equi-amplification:.factor lines. Comparing the figure 

with Fig. 13, the region in np-w space where the spontaneous excitation is observed 

does coincide approximately with that where kll i is larger than 3.0 x 10-2 cm- l • This 

fact may verify that the spontaneous excitation of the wave is the manifestation 

of the thermal noise amplified by the convective instability satisfying the Cherenkov 

excitation condition. 

(a) Vb = 145 V 

'" I we =2.8 

20 10 

14 

12 

-beam 

o 
Distance from the exciter z(cm) 

Fig.l4 (a) The wave patterns propagat­
ing along the axial direction with 
Id as a parameter, Vb=145 V, 

b=1.5 rnA an,d w/wc =2.8. 

4. Conclusion 
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i5 III 

tU a. 
5 5 

°1~------------~2------~----~3 
Frequency w I we 

(b) The distribution of the ampli­
fication factor k II i ca1c~lated 
from the propagating wave patte­
rns. Vb=145 V and b= 1.5 rnA. 

In order to investigate the mechanism of an instability of Bernstein wave in a beam­

plasma system, the comparison with the study of the wave propagation must be done. 

The propagation of the wave in a Maxwellian plasma is studied in detail and then, 

the instability in a plasma penetrated by an electron beam is done for various 

plasma and beam parameters. The results can be described in brief as follows. 

i) In a Maxwellian plasma, the Bernstein wave excited by a coaxial probe can 
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propagate obliquely to the magnetic field at the frequency far from the cyclotron 

harmonics (I W - nWe I ~ k II Vt) but can do only perpendicularly to the field near the 

cyclotron harmonics because of heavy Landau and/or cyclotron damping along the 

field. 

ii) The measurement of the propagating wave surface shows that with respect to 

the propagation component along the field. the forward and/or backward waves can 

exist. and the ob.:ierved results can be explained consistently by the calculated one 

for an infinite and uniform plasma, because the diameter of plasma is much larger 

than the radial wavelength. 

iii) In the case where the forward wave exists, the amplification of the externally 

excited wave due to the convective instability is observed when a rather weak elec­

tron beam is injected. The wave number component k II satisfies the Cherenkov exci­

tation condition and the component k ~ is determined from the dispersion relation 

K(w,k II. k )=0. 

iv) When a more intense electron beam is injected, the spontaneous excitation of 

the wave is observed. From comparison of the power distribution of excited waves 

with the distribution of the amplification factor k II i in np - w space, the excited wave 

can be considered to be the manifestation of the thermal noise in plasma amplified 

by the convective instability satisfying the Cherenkov excitation condition. 

When the backward wave exists, the absolute instability is expected to occur by 

injecting an electron beam.J°) This instability is under study and will be reported 

elsewhere in the near future. 
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